MORITA EQUIVALENCE OF MEASURED QUANTUM GROUPOIDS 
APPLICATION TO DEFORMATION OF MEASURED QUANTUM 

GROUPOIDS BY 2-COCYCLES 
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Abstract. In a recent article of Kenny De Commer, was investigated a Morita equiva- 
lence between locally compact quantum groups, in which a measured quantum groupoid, 
of basis C^, was constructed as a linking object. Here, we generalize all these construc- 
tions and concepts to the level of measured quantum groupoids. As for locally compact 
quantum groups, we apply this construction to the deformation of a measured quantum 
groupoid by a 2-cocyclc. 
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1. Introduction 



1.1. In two articles ([Vail], [Val2]), J.-M. Vallin has introduced two notions (pseudo- 
multiplicative unitary, Hopf-bimodule), in order to generalize, up to the groupoid case, 
the classical notions of multiplicative unitary [BS] and of Hopf-von Neumann algebras 
[ES] which were introduced to describe and explain duality of groups, and leaded to 
appropriate notions of quantum groups ([ES], [Wl], [W2], [BS], [MN], [W3], [KVl], 
[KV2], [MNW]). 

In another article [EVal], J.-M. Vallin and the author have constructed, from a depth 2 
inclusion of von Neumann algebras Mq C Mi, with an operator- valued weight Ti verifying 
a regularity condition, a pseudo-multiplicative unitary, which leaded to two structures of 
Hopf bimodules, dual to each other. Moreover, we have then obtained an action of one of 
these structures on the algebra Mi such that Mq is the fixed point subalgebra, the algebra 
M2 given by the basic construction being then isomorphic to the crossed-product. There 
is on M2 an action of the other structure, which can be considered as the dual action. 
If the inclusion Mq C Mi is irreducible, we recovered quantum groups, as proved and 
studied in former papers ([EN], [E2]). 

Therefore, this construction leads to a notion of "quantum groupoid", and a duality 
within "quantum groupoids". 

1.2. In a finite-dimensional setting, this construction can be mostly simplified, and is 
studied in [NV2], [BSzl], [BSz2], [Sz],[Val3], [Val4], [Val5], and examples are described. 
In [NV2], the link between these "finite quantum groupoids" and depth 2 inclusions of 
III factors is given, and in [D] had been proved that any finite-dimensional connected 
C*-quantum groupoid can act outerly on the hyperfinite Hi factor. 

1.3. In [E3], the author studied, in whole generality, the notion of pseudo-multiplicative 
unitary introduced par J.-M. Vallin in [Val2]; following the strategy given by [BS], with 
the help of suitable fixed vectors, he introduced a notion of "measured quantum groupoid 
of compact type". Then F. Lesieur in [L], starting from a Hopf-bimodule (as introduced 
in [Vail]), when there exist a left-invariant operator-valued weight and a right-invariant 
operator- valued weight, mimicking in this wider setting the technics of Kustermans and 
Vaes ([KVl], [KV2]), obtained a pseudo-multiplicative unitary, which, as in the quantum 
group case, "contains" all the informations about the object (the von Neuman algebra, 
the coproduct, the antipod, the co-inverse). Lesieur gave the name of "measured quantum 
groupoids" to these objects. A new set of axioms for these had been given in an appendix 
of [E5]. Moreover, in [El] had been shown that, with suitable conditions, the objects 
constructed in [EVal] from depth 2 inclusions, are "measured quantum groupoids" in the 
sense of Lesieur. 

1.4. In [EG] have been developped the notions of action (already introduced in [EVal]), 
crossed-product, etc, following what had been done for locally compact quantum groups 
in ([El], [ESI], [V2]); a biduality theorem for actions had been obtained in ([E-S], 11.6). 
Moreover, we proved in ([E5] 13.9) that, for any action of a measured quantum groupoid, 
the inclusion of the initial algebra (on which the measured quantum groupoid is acting) 
into the crossed-product is depth 2, which leads, thanks to [E4], to the construction of 
another measured quantum groupoid ([E5] 14.2). In [E6] was proved a generalization 
of Vaes' theorem ([V2], 4.4) on the standard implementation of an action of a locally 
compact quantum group; namely, we had obtained such a result when there exists a nor- 
mal semi-finite faithful operator-valued weight from the von Neumann algebra on which 
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the measured quantum groupoid is acting, onto the copy of the basis of this measured 
quantum groupoid which is put inside this algebra by the action. 

1.5. In [E7] was studied outer actions of measured quantum groupoids. This notion was 
used to prove that any measured quantum groupoid can be constructed from a depth 2 
inclusion. 

1.6. In [DCl], Kenny De Commer introduced a notion of monoidal equivalence between 
two locally compact quantum groups, and constructed, in that situation, a measured 
quantum groupoid of basis as a linking object between these two locally compact 
quantum groups. More precisely, from a locally compact quantum group Gi having a 
specific action Oi, called a Galois action, on a von Neumann algebra A, he was able to 
construct an important bunch of structures on A, and, by a reflexion technic, inspired 
by the work of P. Shauenburg in an algebraic context ([Sc]), a second locally compact 
quantum group G2, and, more precisely, a measured quantum groupoid linking Gi and 
G2. This leads to an equivalence relation between locally compact quantum groups. 

1.7. In that article, we generalize De Commer 's construction to measured quantum 
groupoids. We call Morita equivalence this equivalence relation; two measured quantum 
groupoids ©i and 02 are Morita equivalent if there exists a von Neumann algebra on 
which 01 acts on the right, ©2 acts on the left, and the two actions commute and being 
Galois, roughly speaking in a similar sense as de Commer's. This von Neumann algebra 
is then called an imprimitivity bi-comodule for these two measured quantum groupoids. 
This definition is similar to Renault's equivalence of locally compact groupoids, as defined 
in [Rl], and developped in [R2], in which he proved that the C*-algebras of these two 
locally compact groupoids are then Morita equivalent. This is why we had chosen this 
terminology of "Morita equivalence". In [DC2], De Commer uses also this terminology, 
but two quantum groups are Morita equivalent in his sense if and only if their duals are 
Morita equivalent in ours. 

1.8. In fact, De Commer's technics remain unchanged in the measured quantum groupoid 
context, if we start from a measured quantum groupoid &, and a Galois action o of 
on a von Neumann algebra A, such that the invariant subalgebra A° is a finite sum of 
factors. This was remarked also in [DC4]. In the general context, some extra hypothesis 
is needed, and we had to introduce what we called a " Galois system" , which is, roughly 
speaking, a Galois action, equipped with an invariant weight. 

1.9. De Commer used his construction to solve the problem of deforming a locally com- 
pact quantum group by a 2-cocycle. Namely, if G is a locally compact quantum group, 
and Q a 2-cocycle, it had been observed since years that it is possible to deform the 
coproduct by using Q. Is the deformation still a locally compact quantum group ? or, 
equivalently, is there, in that case, an existence theorem for a left (resp. right) Haar 
weight ? This problem was solved in several particular cases and examples ([EV], [V], 
[FV]) and De Commer answered positively to this question in whole generality. Of course, 
the same problem holds for measured quantum groupoids, and the answer is still positive 
when the basis of the measured quantum groupoid is a finite sum of factors. In the gen- 
eral case, we were able to give different sufficient conditions on the 2-cocycle, and give 
some examples, based on the construction of matched pairs of groupoids ([Val6]). 
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1.10. This article is organized as follows : 

In chapter 2, we recall as quickly as possible all the notations and results needed in that 
article; we emphazise that this article should be understood as the continuation of [E5] 
and [E6], and that reading this article needs having [E5] in hand. 

In chapter 3, inspired by [V2] and [DCl], we prove specific results on integrable actions 
of a measured quantum groupoid (5 and define Galois actions of & and Galois systems 
for (5 . 

In the chapter 4, inspired by [DCl], we associate to a Galois action of & several data 
which will be usefuU in the sequel. In particular we discuss how it is possible to construct 
a Galois system from a Galois action. 

In the chapter 5, we use the refiexion technique introduced in [DCl], in order to con- 
struct, "through the Galois system", another measured quantum groupoid ©i, and, more 
precisely, a measured quantum groupoid linking & and &i. 

The chapter 6 is devoted to several equivalent definitions of Morita equivalence of mea- 
sured quantum groupoids. We finish that chapter by giving some examples and construc- 
tions of locally compact quantum groups being Morita equivalent to measured quantum 
groupoids (6.12). 

In the chapter 7, following K. De Commer, we tried to use Morita equivalence to solve 
the problem of deforming a measured quantum groupoid by a 2-cocycle. This problem 
is here solved if the basis of the measured quantum groupoid is a finite sum of factors. 
In the general case, we obtain sufficient conditions, which will help, in chapter 8, to 
give a new example of construction of measured quantum groupoids, using J.-M. Vallin's 
construction of matched pairs of groupoids ([Val6]). 

2. Preliminaries 

This article is the continuation of [E5]; preliminaries are to be found in [E5], and we 
just recall herafter the following definitions and notations : 

2.1. Spatial theory; relative tensor products of Hilbert spaces and fiber prod- 
ucts of von Neumann algebras ([Cl], [S], [T], [EVal]). Let be a von Neumann 
algebra, ip a normal semi-finite faithful weight on N; we shall denote by H^, 0^^, ... the 
canonical objects of the Tomita-Takesaki theory associated to the weight i/j; let a be a 
non degenerate faithful representation of on a Hilbert space "K; the set of '0-bounded 
elements of the left-module ^IK is : 

DU:K,i>) = G :K; 3C < oo, \\a{y)a < C||A^(y)||, G 

Then, for any C, in D{a'}i,tp), there exists a bounded operator R°'''^{C,) from to [K, 
defined, for all y in DT^ by : 

which intertwines the actions of A^. 

If ^, r] are bounded vectors, we define the operator product 

belongs to 7r^(A^)', which, thanks to Tomita-Takesaki theory, will be identified to the 
opposite von Neumann algebra A^°. 

If now /3 is a non degenerate faithful antirepresentation of A^ on a Hilbert space %, 
the relative tensor product % is the completion of the algebraic tensor product 
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K D{ci'^,ip) by the scalar product defined, if ^i, ^2 are in X, r^i, rj2 are in -i/;), 
by tlie following formula : 

(6 0^l|6 0^2) = (/5(<??1,??2 >a,^){l|6) 

If ^ G X, ?7 G /^(qCK, ■?/;), we shall denote ^ f] the image of ^ 77 into % p®a 3^, and, 
writing p^'°'{C} = ^ p®a Vi a bounded linear operator from into X 3^, which 

is equal to 1% 0^ R^^^'^irf). 

Changing the weight ip will give an isomorphic Hilbert space, but the isomorphism will 
not exchange elementary tensors ! 

We shall denote the relative flip, which is a unitary sending X /30q, onto 'Ka®p X, 

tp 1/1° 

defined, for any in D{%p, ip"), 77 in _D(q,J{, ^/i), by : 

In X G f3{Ny, y G «(A^)', it is possible to define an operator x y on % ^5 with 

^ \p 

natural values on the elementary tensors. As this operator does not depend upon the 
weight Tp, it will be denoted x p^aV- 

N 

We define a relative flip from £(X) p*^ 'Cj{'K) onto JZipK) a*i3 ^{"X) by <,n{X) = 

N N° 

a^X{a^)* , for any X G £(X) /3*q £([K) and any normal semi-finite faithful weight ip on 

N 

N. 

If P is a von Neumann algebra on [K, with a{N) C P, and Q a von Neumann algebra on 
X, with f3{N) C Q, then we define the fiber product Q P as {x ^0q, y,x E Q', y G P'}'. 

Moreover, this von Neumann algebra can be defined independantly of the Hilbert spaces 
on which P and Q are represented; if = 1, 2), is a faithful non degenerate homomor- 
phism from into Pj, Pi is a faithful non degenerate antihomomorphism from into 
Qi, and $ (resp. an homomorphism from Pi to P2 (resp. from Qi to (52) such that 
$ o «! = a2 (resp. \1/ o /J^ = /32), then, it is possible to define an homomorphism \Ef i3i*ai ^ 

N 

from Qi Pi into Q2 132*02 A- 

N N 

The operators 6°'''^{C,,t]) = P°''^(^)P°''^(?7)*, for all ^, 77 in D(q,CK, ■?/;), generates a weakly 
dense ideal in a{N)'. Moreover, there exists a family {ei)i^j of vectors in D{a^,ip) such 
that the operators ^"'"^(cj, Cj) are 2 by 2 orthogonal projections {6^''^{ei, Cj) being then the 
projection on the closure of a[N)ei). Such a family is called an orthogonal (a, ?/^)-basis 
of 'K. 

2.2. Measured quantum groupoids ([L], [E5]). A quintuplet (A^, M, a, /3, F) will be 
called a Hopf-bimodule, following ([Val2], [EVal] 6.5), if A^, M are von Neumann algebras, 
a a faithful non-degenerate representation of A^ into M, /3 a faithful non-degenerate 
anti-representation of A^ into M, with commuting ranges, and F an injective involutive 
homomorphism from M into M 1^*^ M such that, for all X in A^ : 

N 

(i) F(/3(X)) = l;3®a/3W 

TV 

(ii) V{a{X)) = a{X) 1 

N 
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(iii) r satisfies the co-associativity relation : 

(T id)T = (zd^*„r)r 

N N 

This last formula makes sense, thanks to the two preceeding ones and 2.1. The von 
Neumann algebra will be called the basis of (N, M, a, j3, F). 

If {N, M,a, /3,T) is a Hopf-bimodule, it is clear that {N", M, l3,a,<;N o T) is another 
Hopf-bimodule, we shall call the symmetrized of the first one. (Recall that o F is a 
homomorphism from M to M a*p M). 

N° 

If is abelian, a = (3, T = o T, then the quadruplet (A^, M, a, a, F) is equal to its 
symmetrized Hopf-bimodule, and we shall say that it is a symmetric Hopf-bimodule. 

A measured quantum groupoid is an octuplet © = (A^, M, a, f3, F, T, T', z/) such that ([E5], 
3.8) : 

(i) (A^, M, a, (3, F) is a Hopf-bimodule, 

(ii) T is a left-invariant normal, semi-finite, faithful operator valued weight T from M to 
a{N) (to be more precise, from M"*" to the extended positive elements of a(A^) (cf. [1] 
IX. 4. 12)), which means that, for any x G 97tJ, we have {id T)r{x) = T{x) 1- 

y N 

(iii) T' is a right-invariant normal, semi-finite, faithful operator- valued weight T' from M 
to f3{N), which means that, for any x G Tl^,, we have (T' /3*q, id)T{x) = 1 i3^a T\x). 

V N 

(iv) u is normal semi-finite faitfuU weight on A^, which is relatively invariant with respect 
to T and T', which means that the modular automorphisms groups of the weights $ = 
u o o T and \1/ = o o T' commute. 

We shall write H = Hi^,, J = J^, and, for all n e N, (3{n) = Ja{n*)J, a{n) = J/3{n*)J. 
The weight $ will be called the left-invariant weight on M. 
Examples are described and explained in 2.3. 

Then, can be equipped with a pseudo-multiplicative unitary W which is a unitary from 
H H onto H H ([EG], 3.6), which intertwines a, /3, {3 in the following way : for 

all X G A^, we have : 

W{a{X) ^®^\) = {\ ^®^^a{Xy)W 
W{1 P{X)) = {1 P{X))W 
W0{X) p®^l) = 0{X) ^®^1)W 
W{1^®^P{X)) = {/3{X)^®^ 1)W 

N JV° 



and the operator W satisfies : 



:i W){W h,) = {W 1)<^(W^ /3®a 1)(1 fS^a (T,o){l W) 

N° N N° ' N N ^ 



Here, a^'t goes from {H ^) P®a H to {H H) a® a H, and 1 o'u" goes from 



N 



H i3®a {H a®g H) tO H p®^ H g®a H. 



All the intertwining properties properties allow us to write such a formula, which will be 
called the "pentagonal relation". Moreover, W, M and F are related by the following 
results : 
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(i) M is the weakly closed linear space generated by all operators of the form {id*u^^j^)(W), 
where ^ G D{^H, u), and r] e D{H^, ([E5], 3.8(vii)). 

(ii) for any x G M, we have T{x) = W^l x)W ([E5], 3.6). 

N° 

2.2.1. Lemma. Let be a measured quantum groupoid, W its pseudo-multiplicative uni- 
tary, ^ G D{aH, v) and rj G D{H^, u°); then : 

T{{ld*UJi:,r,){W)) = {ld[S*aid*UJ^,^){a^^^p{W W)) 

N ' N N N 

Proof. This is clear, using the pentagonal relation, and the formula linking F and W. □ 

Moreover, it is also possible to construct many other data, namely a co-inverse R, a 
scaling group r^, an antipod S, a modulus 6, a scaling operator A, a managing operator 
P, and a canonical one-parameter group 7t of automorphisms on the basis ([E5], 3.8). 
Instead of 0, we shall mostly use {N, M,a, (3,r,T, RTR,!/) which is another measured 
quantum groupoid, denoted 0, which is equipped with the same data {W, R, ...) as 0. 
A dual measured quantum group &, which is denoted (A^, M, a, /3, F, T, RTR, u), can be 

constructed, and we have = 0. 

In particular, from the fact that u is relatively invariant with respect to T and RoT o R^ 
is obtained the definition of the modulus and the scaling operator by the formula : 

(D$ o R : D<l>)t = X^''/^6'' 

Then, thanks to [\ 1], we obtain that, if a G M is such that the operator a5^^'^ is bounded 
and its closure a5^/^ belongs to then a belongs to 9T$o_r, and that we can identify 
HijyoR with H by writing then A$oi?(a) = A<j>(a5^/^). 

Canonically associated to 0, can be defined also the opposite measured quantum groupoid 
is 0° = {N°, M, (3, a, ^atF, RTR, T, u") and the commutant measured quantum groupoid 
0^ = (Ar°,M',/3,a,F^T^i?'=T'=i?^z/°); we have (0°)° = (0^=)^ = 0, 0^ = (0)^, 0^ = 
(0)°, and (5°" = 0^=° is canonically isomorphic to ([E5], 3.12). 

The pseudo-multiplicative unitary of (resp. 0°, 0^^) will be denoted W (resp. W°, 
W^). The left-invariant weight on (resp. 0°, 0'^) will be denoted $ (resp. $°, $'^). 
For simplification, we shall write J for Jj. 

We have W = a^oW*a,^ which is a unitary from H H onto H a®p H- The algebra M 

V 

is generated by the operators (w^^^ * id){yV), where ^ belongs to DiH-^, z/°) and r] belongs 
to D{aH, v). In ([E5]4.8) was proved that such an element belongs to OTj if and only if ^ 
belongs to !D(7r'(?7)*), where T^'ijf)* is the adjoint of the (densely defined) operator Ti'irf) 
defined on A$(OT$) by 7r'(?7)A$(x) = xrj, and we have then : 

$[(a;5,^ * id){Wy{uj^^^ * td){W)] = ||7r'(r/)*eir 

which allows us to identify with H by writing Aj((a;5_^ * id){W)) = ^'{ri)*^, or, for 
any x G 0^$ : 

iA^ix)\A^iiu^,, * td){W))) = (xtjIO 
The pseudo-multiplicative unitary W° is equal to (Jq,®^ J)W{J a'^p J) ([E5], 3.12(v)), 

which is a unitary from H H onto H H, where, for all n & N, a{n) = jp{n*)J. 

Therefore, applying this result about D'Tj to the duality between 0° and 0^, we obtain 
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that the operator (io^^r, * id){W°) = (oo^^r) * id)[{J q,®^ J)W{J J)] belongs to Dtjc if 

N" N° 

and only if belongs to D(7r'(J?7)*), and then, we get : 

and, if, moreover, 77 belongs to !D(5^^/^), we get, for any x E 9^1$ : 

(A$(a;)|A|;.K,*zd)(iy°)) = {A^{x)\A^,[{u^,,*id)[{J ^CS^J)W{J ^^^J)]]) = (xr^/^^IO 

Let be a iV — iV-bimodule, i.e. an Hilbert space equipped with a normal faithful 
non degenerate representation a of on and a normal faithful non degenerate anti- 
representation h on S), such that h{N) C a{N)' . A corepresentation of on is a 
unitary V from a®p H onto H, satisfying, for all n G : 

V{h{n) a® a 1) = (1 6®a /3(n))y 
V{\ a®fi «(n)) = (a(n) 1)1^ 
r(U®^/3(n)) = (U®„/3(n))r 

7VO TV 

such that, for any ^ G D{a^,^) and 77 G D{S^b,i^°), the operator (cu^^.^ * belongs 
to M (then, it is possible to define {id * 6){V), for any 6 in Mf'^ which is the linear 
set generated by the u^, with ^ G D{aH, u) fl D^Hjs, z/°)), and such that the application 
9^ {id* 9){V) from '^^ into ^(i^) is muhiphcative ([E5] 5.1, 5.5). 

2.2.2. Lemma. Let & be a measured quantum groupoid; we have, for any ^ G -D(iJ/3,z/°) 
and T] G D{aH, u), t eR : 

af[{uj^^ri * id){W)] = {upit^g-itpitj^ * id){W) 

Proof. Let Ci ^ D{aH, z/), and C2 £ ^{H^, u°)] we have, using successively [E5], 3.10(vii), 
3.8(vii), 3.11(iii), 3.8(vi) and again 3.11(iii): 



{W{i p®^ P~''J6''JCi)\v a®s P^''J5''JC2] 



V yO 

= {JP'^v P®a 5''JC2\W*{JP''i 5^VCi)) 

y yO 

= {JP''Vp®a S''JC2\{S'' p®a S'')W*{JP''U®p JCl)) 

V N yO 

= {J6~''P''r] p®^ JC2\W*{JP'''^ a®p JCl)) 

V yO 

= {W{P''^p®^Cl)\S~''P''Va®pC2) 

V yO 

from which we get the result. □ 



2.2.3. Lemma. Let <3 be a measured quantum groupoid, and m G M' ; then, we have : 

W{1 m)W* = W°*{JR''{m*)J ^W" 

N N 

Proof. By definition, we have : 

N N 

N" 

and, using ([£5], 3.11(iii), 3.10 (iii), 3.12(v) and 3.11(iii) again), we get it is equal to : 
a{J p®a J)W{JmJ fi®o, l)W*{J p®a J)<y = cr( J ^(g)a J)<,V{JmJ){J p®& J)a 

N N N N N 

= {J a^P J)^{JmJ){J hata^f) J) 
N° N° 

= W°*{JR'{m*)J p®&l)W° 

N 

□ 

2.3. Examples of measured quantum groupoids. Examples of measured quantum 
groupoids are the following : 

(i) locally compact quantum groups, as defined and studied by J. Kustermans and S. 
Vaes ([KV2], [KV2], [V2]); these are, trivially, the measured quantum groupoids with the 
basis N = C 

(ii) measured groupoids, equipped with a left Haar system and a quasi-invariant measure 
on the set of units, as studied mostly by T. Yamanouchi ([Yl], [Y2], [Y3], [Y4]); it was 
proved in [E8] that these measured quantum groupoids are exactly those whose underly- 
ing von Neumann algebra is abelian. This example had been presented in full details in 
([E5], 3.4 and 3.13). 

(iii) the finite dimensional case had been studied by D. Nikshych and L. Vainermann 
([NV2], [NV2]) and J.-M. Vallin ([Val3], [Val4]); in that case, non trivial examples are 
given. 

(iv) continuous fields of (C*-version of) locally compact quantum groups, as studied by E. 
Blanchard in ([BU], [B12]); it was proved in [E8] that these measured quantum groupoids 
are exactly those whose basis is central in the underlying von Neumann algebras of both 
the measured quantum groupoid and its dual. 

(v) in ([L], 17.1), be given a family &i = (iVj, Mj, at, /3i, Fj, Tj, T/, Ui) a measured quantum 
groupoids, Lesieur showed that it is possible to construct another measured quantum 
groupoid (3 = = {®ieiNi, ®ieiMi, ©ig/a^, ©ie/A, ®i&iTi, ^ieiV, 

(vi) in [DCl], K. De Commer proved that, in the case of a monoidal equivalence between 
two locally compact quantum groups (which means that each of these locally compact 
quantum group has an ergodic and integrable action on the other one), it is possible to 
construct a measured quantum groupoid of basis which contains all the data. More- 
over, he proved that such measured quantum groupoids are exactly those whose basis 

is central in the underlying von Neumann algebra of the measured quantum groupoid, 
but not in the underlying von Neumann algebra of the dual measured quantum groupoid. 

(vii) in [E5] was described how, from an action {b, a) of a measured quantum groupoid 
C5, it is possible to construct another measured quantum groupoid &{a)] as a particular 
case, this allows to canonically associate to any action a of a locally compact quantum 
group G on a von Neumann algebra A, a measured quantum groupoid ^{a). 
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(viii) in [VV] was given a specific procedure to construct locally compact quantum groups, 
starting from a locally compact group G, whose almost all elements belong to the product 
G1G2 (where Gi and G2 are closed subgroups of G such that GiP\G2 = {e}, where e is the 
neutral element of G); such (Gi, G2) is called a "matched pair" of locally compact groups. 
Then, Gi acts naturally on L°°{G2) (and vice versa), and the two crossed-products ob- 
tained bear the structure of two locally compact quantum groups in duality. In [Val5], 
J.-M. Vallin generalizes this constructions up to groupoids, and, then, obtains examples 
of measured quantum groupoids; more specific examples are then given by the action of 
a matched pair of groups on a locally compact space, and also more exotic examples. 

(ix) in [L], 9.5.5, was given the following exemple, called "quantum space quantum 
groupoid"; let iV be a von Neumann algebra; let us consider M = N° ®z(n) N, the repre- 
sentation a of into M given by (n G A^) a{n) = 1 ®z{n) n, and the anti-representation 
P given by f3{n) = n°®z{N) 1- Then if r is a normal semi-finite faithful trace on Z{N), u a 
normal faithful semi-finite weight on A^, let Ty be the normal faithful semi-finite operator- 
valued weight from onto Z{N) such that u = roT^^we can easily get that the relative 
tensor product {H^, ®^ H^) {Hy ®r Hy) is canonically isomorphic to Hy ®t Hy ®r Hy 

and, this isomorphism sends M ^*q, M onto N° ®r Z{N) ®t- A^; we can therefore identify 

N 

M j3*a M with M, and verify that (A^, M, a, /3, id) is a Hopf-bimodule. 

N 

Moreover, we can get that &{N) = {N, M, a, (3, id, T° ®z{n) id, id ®z{n) Ty, v) is a mea- 
sured quantum groupoid. We shall call it the A^-measured quantum groupoid. 
The dual measured quantum groupoid is &{N) = {N, Z^N)' ,a, f3,id, (T°)~^ ,T~^,h'), 
where P{n) = Jyn*Jy, is the canonical operator-valued weight from Z{Ny to N' 
given from Ty, and {T°)~^ is the canonical operator-valued weight from Z{Ny to N given 
from T°. This measured quantum groupoid will be called the dual A^-measured quantum 
groupoid. 

(x) If 01 = (ATi, Ml, ai, A, Ti, Ti, T{, 1^,) and 02 = {N2, M2, as, ^2, Ts, T2, T^, V2) are two 
measured quantum groupoids, then we can define another measured quantum groupoid : 

0i®02 = (A^i®A^2,Mi®M2,ai®a2,/3i®/32,(^c^®'?®«c?)(ri®r2),Ti®T2,T{®T2',z/i®z/2) 
Moreover, it easy to get that 0T'®~02 = 0i ® 02- 

(xi) The SU{2) dynamical quantum group, as studied in particular by E. Koelink and H. 
Rosengren ([KR]) can be lifted, thanks to [ I'l], to the level of operator algebras, and give 
another example of a measured quantum groupoid. 

(xii) last, but not least, De Commer studied Morita equivalence between the quantum 
group SUq{2), and various quantum groups ([DC2], [DC3]). In a new work ([DC4]), he 
obtains an integrable Galois action of SUg{2) which is not ergodic. Therefore, this leads 
to a measured quantum groupoid (6.12.4). 

2.4. Action of a measured quantum groupoid ([E5]). An action ([E5], 6.1) of on 
a von Neumann algebra A is a couple {b, a), where : 

(i) b is an injective *-antihomomorphism from N into A; 

(ii) a is an injective *-homomorphism from A into A b*a M; 

N 

(iii) b and a are such that, for all n in N: 



a{b{n)) = 1 /3{n) 

N 
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(which allow us to define a b*a id from A M into A M M) and such that : 

N N N N 

(a b*a '>'d)a = {id b*a r)a 

N N 

If we start from a measured groupoid, we get the usual notion of action of a groupoid 
([E5], 6.3). 

The invariant subalgebra A" is defined by : 

A° = {x e An 6(iV)'; a(a;) = x b<S)a 1} 

N 

As A° C b{Ny, A (and L'^iA)) is a A" - iV-bimodule. 

Let us write, for any x G A~^, Ta{x) = {id h*a this formula defines a normal 

faithful operator-valued weight from A onto A"; the action a will be said integrable if T„ 
is semi-finite ([E5], 6.11, 12, 13 and 14). 

If the von Neumann algebra A acts on a Hilbert space i^, and if there exists a repre- 
sentation a of on such that h{N^ C A C a^N)', a corepresentation of on the 
bimodule a^b will be called an implementation of a if we have a(x) = V{x a'^b 1)V* , for 

all x G A ([E5], 6.6); moreover, if is a normal semi-finite faithful weight on A, we shall 
define a representation a of on by a(n) = J^b{n*)J^, for all n E N, and we shall 
look after an implementation ^ of a on a{H^)b such that ([E5], 6.9): 

V* = (J^ a® IS Ji)V{J^ b^a J^) 
u° V 

If the weight is 5-invariant, which means that, for all r] G D{^H, v) n 25(5^/2) g^^^j^ ^j^^^ 
b^l'^ri belongs to D^Hp, u°), and x G Dl^, we have : 

ilj[{id b*a C0r,)a{x*x)] = \\A^{x) a®p ^^^'^'nf 

N yO 

and if, moreover, tp bears the density property, which means that D{{H^)b, i'°)r]D{aH^, u) 
is dense in H^, then such an implementation VJ/, was constructed in [E5], 8.8); more 
precisely ([EG], 8.4), if x G ^ G D{aH, u) and rj is as above, we get that {idb*a^r] c)ci(a^) 

N 

belongs to 91^ and that : 

K^[{idb*a^r,,id'^{x)\ = {id * Usi/2 ^)(y^)A^{x) 

N 

In ([E6], 7.6) was introduced the notion of invariant weight by an action; a normal faithful 
semi-finite weight (p on A will be called invariant by a if, for all rj G D{aH, u) nD{Hp, u"), 
and X G DT^, we have : 

(t>[{idb*a^^r,)a{x*x) = \\A^{x) a<^(3Vf 
N „o 

If, moreover, bear the density property, a similar implementation was constructed 
also in ([E6], 7.7). Moreover, with these hypothesis, it is possible to prove that there 
exists a normal semi-finite operator-valued weight T from A onto b{N) (we shall say that 
the action is "weighted"), such that (p = v° o o T. This operator- valued weight 1. 
satisfies, for all positive x in A : 

(T b*a id)a{x) = a{1{x)) = 1 f,®^ /3 o b-^1{x) 

N N 

Let us remark that, if we define, for n E N, b°{n) = b{n)°, we obtain a *-homomorphism 
from A^ into A°; moreover, for x G A, let us write a°{x°) = {.° b*a R) ° a{x); it is 

JV 
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straightforward to get that {b°, a°) is an action of (5° on A°. 

Of course, one should write in this paragraph "right action" instead of simply action. At 
some stage of this paper, we shall need left-actions. A left-action of on a von Neumann 
algebra A is a couple (a, b), where : 

(i) a is an injective *-homomorphism from into A; 

(ii) b is an injective *-homomorphism from A into M /j*^ A; 

N 

(iii) a and b are such that, for all n in A^ : 

b(a(n)) = a{n) 1 

N 

{id p*a b)b = (r p*a id)b 

N N 

Then, it is clear that (a, ^Arb) is an action (a right action) of (3° on A, and (a°, (crArb)°) is 
an action (a right action) of (5 on A°. Conversely, if (6, a) is an action of C5 on A, then, 
(6°, aNoO.") is a left-action of <3 on A°. 
The invariant subalgebra A^ is defined by : 

A'' = {xeAr] a{N)'; b{x) = 1 f}®a x} 

N 

and T(, = ($ i3*a id)b is a normal faithful operator- valued weight from A onto A^; the 

action b will be said integrable if T(, is semi-finite. It is clear that b is integrable if and 
only if {ofqhY is integrable. 

If (6, a) is an action of 0i = (A"!, Mi, ai, Fi, Ti,T{, ui) on a von Neumann algebra A, 
and (a, b) a left-action of 02 = {N2, M2,a2, (32,^2, T2,T2, 1^2) on A, such that a(A'2) C 
6(A'i)', then, we shall say that the actions a and b commute if we have : 

b{Ni) c A^ 

a{N2) C A" 

{bb*ai id) a = {idi32*a a)b 

Let us remark that the two first properties allow us to write the fiber products b b*ai id 

and id i3^*a o.- 
N2 

2.5. Crossed-product ([E5]). The crossed-product of A by via the action a is the 
von Neumann algebra generated by a{A) and 1 M' ([E5], 9.1) and is denoted A xi„ 0; 

TV 

then there exists ([E5], 9.3) an integrable action (1 b^a a, &) of {(3Y on A 0. 

N ^ 

The biduality theorem ([E5], 11.6) says that the bicrossed-product {A C5) Xj is 
canonically isomorphic to A b*a ^{H); more precisely, this isomorphism is given by : 

N 

Q{ab*aid){Ab*aJ:{H)) = {A x„0) xag° 

N N 

where 6 is the spatial isomorphism between L{S) b^a H ^®q, H) and £j{S) b®a H ct®ii H) 
implemented by \^ b®a o'uW^a^; the biduality theorem says also that this isomorphism 
sends the action (1 b®a /3, a) of on A ^{H), defined, for any X ^ A b*a '^{H), by : 

N N N 

a{X) = {lb®a auoWauo){id b*a '^N)ia b*a id){X){l b'S)a OycWoyo)* 

N N N N 
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on the bidual action (of (S™) on (A ><„ C5) Xg 65°. 

We have {A &y = a{A) ([Eo] 11.5), and, therefore, the normal faithful semi-finite 
operator- valued weight Tj sends A ><„ onto a{A); therefore, starting with a normal 
semi-finite weight ip on A, we can construct a dual weight '0 on A by the formula 

= V^o oTa ([E5] 13.2). 
Moreover ([EO] 13.3), the linear set generated by all the elements (1 f,®a '3)a(x), for 

N 

all X G D^^, a G OTjc H DTj,^, is a core for A^, and it is possible to identify the GNS 

representation of A Xj, C5 associated to the weight ip with the natural representation on 
b®Q, H by writing : 

t^i,{x) h®c A$c(a) = A t[(1 fc®^ a)a(x)] 
which leads to the identification of with f,®Q, if. 

V 

If the weight is 5-invariant (resp. invariant) and bears the density property, then the 
implementation (resp. V^') recalled in 2.4 is equal to J^{J^ a®i3 J$) ([El'], 3.2). More 

N° 

generally, if we write V = J^X^tpa^pJ^), we have : 

N" 

V* = (J^ J^WiJ^ b^a J^) 

u° ^ 

and, if it is an implementation of a, we shall call it a standard implementation of a. It 
had been proved that it is the case, for any normal semi-finite faithful weight on A, 
whenever the action is weighted (i.e. if there exists a normal semi-finite faithful operator- 
valued weight from A onto b{N)). 

If (a, b) is a left action of & on A, we shall define the crossed product C5 K(, A as the von 
Neumann algebra generated by M 1 and b{A)] therefore, it is the image under of 

N 

the crossed product A x^-^b 0°. 

2.6. Basic Construction. Let Mq C Mi be an inclusion of cr-finite von Neumann alge- 
bras, equipped with a normal faithful semi-finite operator-valued weight Ti from Mi to 
Mq. Let ifjQ be a normal faithful semi- finite weight on Mo, and ifji = ipo oTi. 
Following ([.J], 3.1.5(i)), the von Neumann algebra M2 = J^^MqJ^^ defined on the Hilbert 
space H^^ will be called the basic construction made from the inclusion Mq C Mi. We 
have Ml C M2, and we shall say that the inclusion Mq C Mi C M2 is standard. 
Let us write r for the inclusion of Mq into Mi (or the representation of Mq on H^-^ given by 
the restriction of vr^j to Mq), and let us define s, for any x G Mq, by s(x) = J^ir-(x)* J^^; 
s is a normal faithful anti-representation of Mq on if^^, and M2 = s{Mq)' . Therefore 
(2.1), the operators 9^'^o(^C,,r]), for all ^, r] in D{{H^-^)s,iPq) generate a dense ideal in M2. 
Following ([EN] 10.6), for x in DItu we shall define Aj'^(x) by the following formula, for 
all z in OT^o : 

Ati(x)A^(,(z) = A,0j(xz) 

This operator belongs to HomM°{H^^, H^^); if x, y belong to D'Trj, then Kt^{x) Kr^iy)* 
belongs to M2, and Ati(x)*Ati(|/) = Ti{x*y) G Mq. 

Using then Haagerup's construction ([T], IX.4.24), it is possible to construct a normal 
semi-finite faithful operator- valued weight T2 from M2 to Mi ([EN], 10.7), which will 
be called the basic construction made from Ti. If x, y belong to O^Ti, then the oper- 
ators ATj(x)ATi(y)* form a dense sub-*algebra of M2, included into 97tT2 5 and we have 
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T2(At^(x)Atj (y)*) = xy* . The operator- valued weight T2 is characterized by the equahty 
([EN], 10.3) : 

dro ~diiJooT,)o- ^1 
from which, writing ip2 = ipi ° T2, we get that : 

The operator-valued weight T2 from M2 to Mi will be called the basic construction made 
from the operator-valued weight Ti from Mi to Mq. Using ([EN], 3.7 and 10.6 (v)), we 
easily get that, for any x, y in D^Ti n Dl^j fl D^^^^ fl Dl;^^, we have T2(ATi(a;)Ar-^(y*)*) = xy, 
and : 

||A^,(ATi(x)AT,(y*)*)|| = ||A^,(x),®,A^,(y)|| 

where r is the inclusion of Mq into Mi, and, for a G Mq, s{a) = J^^a*J^^; so, we can 
identify H^^ with H^^ s®rH^^ by writing A^2(^Ti(a;)ATi(y*)*) = A^^^x) s^rA^^^y); then, 

we identify A^^ with A^^ A^^ (here, this relative tensor product of operators means 

that there exists a bounded operator with natural values on elementary tensors) and J^^ 
with auAJ^i s®r J^i)- 

Mo 

Then, for any ^ G D((i/^J„V^°) and r/ G D{{H^,)„ro) H 2)(Aj,f ) such that A-'/^rj 

belongs to Z^((i7^J„^o°), we have A^,(P''/'o°(e, r/)) = ^ s®r J^^AI/.^V- 

■4>o 

Using similar arguments as in ([E6], 4.7(ii)), we can prove that there exists a family 
(ej)jg/, which is an orthogonal {s,ipQ)-ha.sis of H^-^ , such that each vector belongs to 
D(Ay^); we can prove then, as in ([EG], 4.7(iii)), that ip2 = Xlj'^A^/^ • 

Let T^i,Ti be the Tomita algebra associated to the operator- valued weight Ti and the 
weight ipi ([EN], 10.12, and [E5], 2.2.1), which is made of elements x in 91^,^ fl OT;^^ fl 

D^Ti n ^Ti' which are analytic with respect to ap, and such that, for any 2 G C, crf^ix) 
belongs to D^^^ HD^^^ HDIti HD'T^^; such elements are a dense * subalgebra of Mi. Moreover, 
it is possible to prove ([DC'l], 1.4) that an element X G M2 belongs to Dl^j if and only if 
there exists H G H^^ such that, for any x, y in I^j^^Ti, we have : 

(A^,(x) A^,(y)|S) = (A^,(x)|XA^,(a^Kl/*))) 
and, then, we have S = A^^{X). 



3. Integrable actions of a measured quantum groupoid 

In that chapter are generalized, up to measured quantum groupoids, results about 
integrable actions (([V2], 5.3, [DC'l], 2.1); namely, if (6, a) is an integrable action of (S 
on a von Neumann algebra A (the definition had been given in 2.4), we construct then 
a representation Ha of the crossed product on the Hilbert space L^(/l)(3.6), whose image 
is the von Neumann algebra s(/l")' given by the standard construction made from the 
inclusion A°- C A; moreover is constructed an isometry G from L^(s(y4")') into L^(74 Xq0) 
(3.8), which is a unitary if and only if the representation is faithful; following ([DCl], 
2.7), we say that the integrable action [b, a) is then Galois (3.11). 
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3.1. Lemma. Let {b, a) be an integrable action of a measured quantum groupoid on a von 
Neumann algebra A; let ipo be a normal faithful semi-finite weight on A°, and ipi = ipooT^ 
be the lifted normal semi-finite faithful weight on A; let (^i)je/ be a family of vectors in 
D{{H^-^)b,i'°) such that ipoix) = /o'^ positive x G A°; then, there exists an 

isometry V from H^^ into ®i{H^,^ b®a H) = {H^^ f,^a H) ® such that : 

(t) for all ye A, {a{y) ® 1,2(,))V = Vy; 

(a) for all n G A^, (1 b®a ot{n) ® 1;2(/))V = Va{n). 

N 

Proof. Let [rij)j^j be an orthogonal (6, v°) basis of H^^\ we have, for any z, j and x G OT^j: 
b*a id)a{x)]*[{uj^^^r^, b*a id)a{x)] = (w^, b*a id)[a{x*){e'''''°{r]j,r]j) l)a(x)] 

N N N N 

and, therefore : 

^{[{^^^,v^b*a^d)a{x)]*[{u^^,rJ.b*a^d)a{x)]) < ^{uj^^b*aid)a{x*x)] = uj^^oTa{x*x) < iJi{x*x) 

N N N 

So, for any i, j and x G ^tpi, {^s- « b*a id)a{x) belongs to moreover, we have : 

b*a irf)a(x)]*[V(w^,,^. b*a id)a{x)]) = u^^ o T„(x*x) 

J J 

and, therefore : 

V b*a 2rf)a(x)]*[V(a;5^,^. b*c. id)a{x)]) = 

^—^ ^—^ N N 

« 3 J 

which proves that we can define now V, for all x G DT^^ by : 

VA^j (x) = ©i r]j b<S)a A<i.((wg,.r,, b*a id)a{x)) 

^—^ y N 

J 

As, for X G O^^i, we have ||VA^j(x)|p = ipi{x*x), we can extend V to an isometry from 
if^i into ®ieiiH^i H) 

(a(2/)®lp(7))VA^,(a;) = 



[H^^ b®a H) ® Let now y be in A] we have : 

V 

®i a{y){rij b®a A$((a;5^,^^. b*a id)a{x))) 

3 

©i V'^^fc b©a (^»?fc,r;, b*a T'd)a{y)Ki^{{u^^^r,, b*aid)a{x)) 
^—^ ^ N N N 

3 k 

©iV'V'^^yfc b©a A$((a;^^,^, b*aid)a{y){u^^^r,, b*aid)a{x)) 

^—^ ^ N N N 

3 k 

©i 6®a A$(w^^,^^ b*a id)a{yx)) 



N N 
k 



and, therefore, {(x{y) ® 1;2(/))'V = Vy. 

Let n be in the Tomita algebra of the weight z/; we have : 



N V N 

J 



= ©j Vj b'S)a A<i.((w^,.r,, b*a zc?) a(x)/3(cr!^i/2 (ri) ) 

J 

= ©i Vj 6®a ^^{{^(^■r|^ b*a irf) a(x6((T!lj/2 (n) ) ) ) 
3 

= Va{n)A^,^{x) 

which, by contnuity, remains true for all n E N . □ 

3.2. Theorem. Let (6, a) he an integrable action of a measured quantum groupoid on 
a von Neumann algebra A; let ipo be a normal faithful semi-finite weight on A°, and 
ipi = ipo o Ta be the lifted normal semi-finite faithful weight on A; then, the weight ipi is 
6-invariant, and bears the density property, in the sense of 2.4 

Proof. Let's use the notations of 3.1; let x be in 9^1^^, and r/ G D{aH, u) fl D(5^/^), such 
that belongs to D{{H)p, z/°); we have, using the isometry V and ([E5], 8.2) : 

||A^i(a;) fe©a 5^/^?7p = ©i|| V'r/j j,®^ A$((a;e.,'?i b*aid)a{x)) a®/3 5^/^?7f 

u . V N u° 

3 

= ©||A$(a(< r]j,r]j >b,u''){uJ^, ,rij b*a 

id)a{x)) a^i3 

N uo 

= ©||A$((a;e./'?. b*a id)a{x)) 

N yO 

= y^.^Cy^i^d b*a ^ri)^[{<^i„ri, b*a id) a^x)* (u^^^r,, b*aid)a{x)] 
« 3 

= ^{id b*a ujrj)'^{uj^, b*a *id)a{x*] 

^—^ N N 

= o Ta{id b*a ujri)a{x*x)) 

^—^ N 

= ipi[{id b*aU}r,)a{x*x)] 

N 

which proves that ipi is 5-invariant; moreover, if we take the Tomita algebra relatively 
to the weight ipi and the operator- valued weight T^, we get that the weight ipi bears the 
density property. □ 

3.3. Proposition. Let (5i = {Ni, Mj, a^. Pi, Fj, Tj, T/, z/j) (i = 1,2) be two measured quan- 
tum groupoids, {b, a) an action of<Si on a von Neumann algebra A, and (a, b) a left-action 
of on A; let us suppose that the actions a and b commute; then : 

(i) the operator-valued weight T^, from A onto A'^ satisfies : 

(Tb id)o. = aoTi, 

(a) ifb is integrable and if Al' = b{Ni), the weight (pi = z/io6~^oT[, is a normal semi-finite 
faithful weight on A, invariant under the action a, Sis^-invariant under the action b, and 
bears the density property. 
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Proof. Result (i) is straightforward, using the definition of commuting actions. With the 
hypothesis of (ii), we get that T[, is a normal semi-finite faithful operator- valued weight 
from A onto b{Ni), that 0i is a normal semi-finite faithful weight on A which satisfies, 
for all X e A'^ : 

(Tb b*a^ id)a{x) = a o Tb(a;) = 1 b®^, (3i o o T^{x) 

(01 b*ai id)a{x) = Pio o Tb{x) 
1^1 

from which we get that 0i is invariant by a. On the other hand, 0i is ^gj-invariant under 
the action b, and bears the density property by 3.2. □ 

3.4. Lemma. Let (S be a measured quantum groupoid; let V be a corepresentation of (3 
on a N — N bimodule a^b (1E5], 5.1), and let (6, a) the canonical action implemented by 
V on a{N)' by a{x) = V{x 1)V* ^[Ej], 6.6); then we have : 

{a{N)r = a{Ny n 6(iV)' n {{id * uj^,r,){V),^ G D{^H, u),r] e D{{H^)^, z/°)}' 
Proof. Clear □ 

3.5. Lemma. Let (6, a) be an integrable action of a measured quantum groupoid & on a 
von Neumann algebra A, and let i/jq be a normal semi-finite faithful weight on A°, and 
ipi = ipQO T(j be the normal semi-finite faithful lifted weight on A; let V^-^ be the standard 
implementation of a defined in 2.4: let s{A°y = J^-^{A°)'J^^ the basic construction made 
from the inclusion A° G A (cf. 2.6); then, we have : 

Proof Using3.4, weget A" = Anb{Nyn{{id*uj^^r^){V^,),ie DUH,u),r] e D{{H^)p,u^)Y , 
and, therefore : 

J^,A\J^, = A' n a{Ny n J^,{{^d * a;5,^)(K/,J, e G D^H, u), r] G D{{H^)p, 
As Kai(J^i b®a J) = {Ji,i fc®Q J)V1 , we have : 

N N 

J^,{id*u^^r^){V^JJ^, = {id*ujj^j^){V;i;j 

and we get : 

J^,A'J^, =A'n a{Ny n{{id* u;,,^W;j,^ G D{^H, z/), 77 G D{{H)p, u")}' 
from which we get the result. □ 

3.6. Theorem. Let {b, a) be an integrable action of a measured quantum groupoid & on 
a von Neumann algebra A, let V^^ be the standard implementation of a, as defined in 
2.5; let us denote by r the injection of A° into A, and let us write s{x) = J^^r{x)* J^^ for 
any x G then is the basic construction made from the inclusion A^ <Z A (cf. 
2.6); then, there exists a normal surjective *-homomorphism from the crossed-product 
A Xn onto s{A^y , called the Galois homomorphism associated to the integrable action 
{b, a), such that, for all x e A, n e N , ^ e D{c,H, v), t] G D{{H)p, 

7r„(o(a;)) = x 

7r„(l h<^a a{n)) = a{n) 

N 

N N N N 
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For simplification, we shall write fi{m) = 7rn(l f,®^ m), for any m G M' , and we obtain 



N 



this way a representation of M' on L{H^^). 



Proof. Let us use the notations of 3.1 and 3.2; let's suppose that rj belongs also to T){5 ^/^) 
and that 6~^^^r] belongs to D(aH, u); then, we have : 

(1 * id)[iJ/3^^ J)W*{J ^^s. J)]) ® 1«2(7))VA^, (x) = 

N N N 

©i y'^^i b®a * ^d)[{J p®a J)W*{J J)])A$((a;5„,,^ b*a id)a{x)) 

. V N N N 

which, using ([E5], 3.10(ii) applied to C5°, 3.8(vi)), and the identification of H<i,oR with H 
made in 2.2) is equal to : 

®i Vj b®a Aq>{{id ^s-^/^r,,i)m^^;^,VJ b*a id)a{x)]) 



or, to : 



^r]j b<S)a A$((wg„^j b*aid)a[{id ^5-1/2^^^)0(0;)]) 



which is, using ([E5], 8.4), equal to : 

VA^^[{idf3*a a;5-i/2^,^)a(x)]) = V{id * uj,^^^){V^^)A^^{x) 

N 

from which, by density, we get that : 

(1 {uJr,,^ * id)[{J J)W*{J J)]) ® l/2(/))V = V{id * a;„,5)(VVJ 

N N N 

which, by density and continuity, remains true for any 77 in D{H)p, Using now 2.2, 
we get that the weak closure of the linear span of all operators of the form 

(a;^,5 * id) [(J J)W*{J J)] 

N N 

for all ^ G D{aH, u), t] G D{{H)is, u°), is equal to the von Neumann algebra M'; therefore, 
we get that, for any y G M', the image of (1 U ® l/2(7))'\^ is included into the image 

TV 

of V, which means that VV*(1 h®a y ® = (1 b®a y ® ^p(i))^', therefore, we have, 

N N 

for any y G M', VV*(1 b®„ y ® li2^j))VV* = (1 b®„ y (g) 1;2(^))VV*, which proves that VV* 

N N 

commutes with 1 ft®^ M' ® li2(/). Using 3.1, we easily get that VV* commutes also with 

N 

a{A) ® 1(2(7), and, therefore, that it commutes with A ><„ © (g) 1/2(7). Let us write now, for 
any 2; G A xi „ (S : 

7l,{z)=V*{z^h2(^j))V 

Thanks to this commutation property, 11^ is a *-homomorphism from A into 

Using now 3.5, we get that the image of Ha is s(/l")'. □ 
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3.7. Lemma. With the notations of 3.6, we have, for all m G M' : 

N N 

Proof. Let ^ G D{aH, u), rj G D{Hi3, z/°); using 3.6, we get that : 

{Un,^ * J)W*{J i3®a J)])* J-^i 

N N N 

is equal to J^^{id*ujr^^^){y^-^)* J^-^, which, using 2.4, is equal to {i*ujj^ jr,)(^V'i)' using 
3.6 again, is equal to : 

7r„(l {^j,j*id)[{Jp®^ J)W*{.J J)]) 

N N 

which is vr(,((l b®a J{^^rt * id)(W*)J), and, using ([E5], 3.11(iii)), is equal to : 

N 



7r„(l J{'^£„r) * id) [{J J)W{J J)] J) 

which is : 



7ra(lfe®a * id)[{J p®^ J)W*{J p®& J)])* J) 

N N N 

which is 7rn(l * id)[{J j3®a J)W*{J p®a J)\\)', wc get then the result by 

N ' N N 

density. □ 

3.8. Theorem. Let {b, a) an integrable action of & on a von Neumann algebra A, iTa the 
Galois homomorphism associated by 3.6; let ipo be a normal semi-finite faithful weight on 
A", and ipi = ipQ o Tai let a be the representation of N on H^^ defined, for n & N , by : 

a{n) = .J^^b{n*)J^^ 

Let us write r for the injection of A"- into A, and s for the antirepresentation of A" on 
H^^ given, for a G A^ , by s{a) = J^^r{a*)J^^. Then : 

(i) there exists an isometry G from H^^ into H^^ b®a H , such that : 

G(A^,(x) s®T C) = y^Ci b®a A$[(wc,ei h*a id)a{x)] 

for all X in DTto H ^i/ju C ^ D{{H^^)b,i'°) , and for all {b, u")- orthogonal basis (ej)jg/ of 
H^^ . Moreover, for any n E N , a E A", we have : 

G{b{n)Mr 1) = (U®„/3(n))G 

A" N 

Gil sorbin)) = {lb®aHn))G 

A" N 

G{1 a{n)) = b^a 1)^ 

A" A° 

G{r{a) s®r 1) = (r(a) 1)G 

A" A" 



G{1 s{a)) = {s{a) b®a l)G 



(a) for any e G 9^1$, we have : 



(1 b®a J$eJ$)G(A^,(x) s®r C) = a(2;)(C b®a J</,A<i.(e)) 
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(in) for all (' in D{{H^Ji,, ^"), i^cc b*a id)a{x) belongs to and we have : 

N 

A<i>[(wc,C' b*a id)a{x)] = (a;A^^(x),c' * id){G)C, 



N 



(iv) for any a' E A, Y E M' , we have : 

a{a')G = G{a s®r 1) 



(1 6®„ Y)G = G(7r„(l 

N N 

(v) the projection GG* commutes with A x„ 0, and, for any X G A xi^ 0, we have 

7r„(X) = G*XG 

(vi) for any t G M, we have A^-^G = GA^*^ • 

(vii) for all t G M, we have : 

G(A;\ A;\) = ((5A5)-* AJJG 



Proof. As 



we get that : 



[(^C.ei 6*a '>'d)aix)]*[{ut;,e, b*a id)a{x)] < (w^ b*a id)a{x*x) 

N N N 



$([(w^,e^ id)a{x)]*[{uj(;^e, b*a id)a{x)]) < b*a id)a{x*x)] = o T„(x*x) 

TV TV N 

and we get that [(w^ 6*« «rf)ci(x)] belongs to defining G by the formula given in (i), 

N 

we obtain, for x, x', in OTto H ^Vi' C i^i D{H^^)b, z/°), that : 

(G(A^,(a;),®,,C)|G(A^,(x').®. CO) 
V'o V'o 

is equal to : 

V(A$[K,e. 6*a zc/)a(a;)]|A$[(a;^,,e. 6*. zrf)a(x')]) = (T,(x'*x)C|C') 

or, to (A^,-^(x) C\^ii>i{^') s®T which implies that this formula defines an isometry 
which can be extended by continuity to H^-^ f,®^ H^-^ and does not depend upon the 

choice of the basis, which is the first result of (i). If n is a unitary in N, {a{n)ei)i^i is 
another orthogonal (6, z/°)-basis of H^^ , and the independance of G from the basis gives 
the second and the third formula of (i); let us remark that, for all n E N, b{n) belongs 
to A and, therefore, commutes with s, and that it commutes with A", and, therefore to 
r; moreover, as o(6(n)) = 1 we easily get the first formula linking G with b{n). 

N 
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If we suppose now that n is analytic with respect to z/, we obtain : 

G(l sOr &H)(Av,i(a;) C) = y^eib®aJ^<i>[{(^b{n)(„e,b*cid)a{x)] 

= feOo A<i,[(a;^,e, b*a id)a{x)a{a'^i/2in))] 

I 

= y^^i b^a J^a{n*)J^A^[{uJre, b*a id)a{x)] 

^—^ V N 

I 

= (U®a/3(n))G(A,/,,(x),®,C) 

N Vo 

which, by continuity, finishes the proof of (i). We then obtain : 

(1 6®a J$eJ$)G'(A^^(a;) C) = J<i,eJ$Aci,((a;^.e^ 6*a a(x)) 

= b<^a {(^Ce, b*a id) a{x) J$ Acj, (e) 

I 

= a(x)(C b®a J$A$(e)) 

which is (ii). We then get : 

(wc,C' zc?)a(x)J$A$(e) = J$eJ$(zrf * a;A^^(x),c')(G')C 

from which we deduce (iii). 

On the other hand, using again (ii), we get : 

(1 J$eJ$)a(a')G(A^^(x) C) = a(a')(l 6®a -^$eJ$)G'(A^,(x) C) 

= a(a')a(x)(Cfe®a </</,A$(e)) 

= a(a'x)(C6®a J</,Aci,(e)) 

V 

= (1 b'S)a J$e J$)G'(A^^ (a'x) s®r C) 

TV Vo 

= (1 J$e J$)G'(a' 1) (A^i (x) C) 

from which we get, by continuity : 

(1 6®Q, J$eJ<i,)a(a')(G') = (1 J^eJ^)G{a s(^r 1) 

TV TV A« 

and, making e going weakly to 1, we get the first result of (iv). 

Let ^ G D{o,H,u), r] e D{{H)p,v°) n ©((J-^/^)^ g^^j^ ^^at ^^/^^ belongs to D{^H,v)- 
using (iii), we get that : 



{u}r^,i*id)[{J p®^ J)W*{J J)](a;A,.(^),^/ *2rf)(G)C 

N N 

is equal to : 

(w,,,^ * i(i)[(J f3®a J)W*{J p®a J)]A$[(w^,^/ f,*Q, id)a{x)] 

N N N 

which, using ([E5], 4.3), is equal to : 

A^[{idp*a W5-1/2 £)r((w^,f/ b*a id)a{x))] = A$[(u;^,^/ b*a id)a{{id p*^ uJs-1/2 Aa{x)] 

N N N N 
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which, using (iii) again, and ([E5], 8.4), is equal to : 

N ''^ 

from which we get, by continuity : 

* id)[{J J)W*{J J)](wa^Jx),c' * id){G) = (w(id*<^„,5)(y^)A^^(j;),c' * id){G) 

N N 

which, by continuity and density, remains true for any r] G D[Hp, 
Using 3.6, we get, by continuity and density : 

(1 {Urj,^ * id)[{J J)W*{J J)])G 

N N N 

= GMl b(S)a * id)[{J J)W*{J ,3^^ J)]) s(S)r 1) 

N N N A" 

Using now 2.2, we get that the weak closure of the linear span of all operators of the form 
(wr,,^ * id)[{J i3(E)a J)W*{J p®a J% for all ^ G D{aH, u), 7] e D{{H)fs, u°), is equal to the 

N N 

von Neumann algebra M'; therefore, we get, for all Y G M', that : 

(1 Y)G = G(7r„(l Y) 1) 

N N A" 

which finishes the proof of (iv). 
From (iv), we get that : 

(1 b®a Y)GG* = G(7r,(l fe®, Y) 1)^* 

N Af A» 

and that the projection GG* commutes with 1 i,®a M'; using same arguments, we get 

N 

that GG* commutes with 0(^4), and, therefore, it commutes with A xi„ 0. So, we get that 
the application which sends Z G A xIq (S on G*ZG is a *-homomorphism, which is equal 
to TTai^Z) for any Z = 1 Y, with Y G M'; using 3.6, we get that the same property 

N 

holds if Z = a(a'); therefore, it is true for any Z G A ><„ 0, which is (v). 

Let us first remark that, because ipi is 5-invariant (3.2), we have ([E6], 3.2(ii)) : 

where this relative tensor product of operators means that it is possible to define a 
bounded operator with natural values on elementary tensors. With the same definition 
of relative tensors of operators, we have (2.6) Alf = Alf Alf . Using these remaks, 

we get, for any x in DT^j fl Olx-a and C, C' iii D{{H^Jti, ^°), that : 

(a;A,^(.),C'*zrf)(A^-GA^f)C 

is equal to, using (iii) : 

i6A^r\u^u^ (.)A-C' = {SA^r'A^{{^A--cA--C' b*.td)a{atl{x))) 

As ipi is 5-invariant, we have ([EO], 88 (iii)), for all t G M and x & A : 

a{ap{x)) = {ap r„,a!°V)a(x) 

TV 

and, therefore, we have, using (iii) : 

{uj,^^i.U' * ^d){AlGA-^)C = i5A^r'A^inafV,[icoc,c' b*a ^d)aix)]) 
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which, using using ([E5]3.8(vii) and (vi)) is equal to : 
(5A5)-*A-*/2p^*A^(af V?JKc' b*a ^d)a{x)]) 

N 

N 

which, using ([E5] 3.10 (vii)) and again (iii), is equal to : 

A$[(w(,^' b*a id)a{x)]) = (wa^,^(xO,c' * ^d){G)C 

which gives (vi). As (vii) had been proved as well, this finishes the proof. □ 

3.9. Theorem. Let {b, a) an integrable action of & on a von Neumann algebra A, tTq 
the Galois homomorphism associated by 3.6 from the crossed-product A xi^, onto the 
von Neumann algebra s(A")' obtained by the basic construction made from the inclusion 
A" C A; let ipQ be a normal semi-finite faithful weight on A°, and ipi = ipo o T^; let us 
define the representation a of N on H^^ by, for n & N : 

a{n) = J^^b{n*)J^^ 

Let us write r for the injection of A° into A, and s for the antirepresentation of A° on H^^ 
given, for a G A"-, by s{a) = J^^r{a*)J^^, and let G be the isometry from H^^s®rH^^ into 

H^^ b®a H constructed in 3. 8; let il)2 be the weight ipi o T2 where T2 is the operator-valued 

V 

weight from s(yl°)' onto A obtained by the basic construction (2.6). Then : 

(i) for any ^ e -D(aif, z/), 77 G -D(iJ/3,z/°) such that {uj^^rj * id){W°) belongs to ''yi^c, and 

for any z in 91^^ , we have : 

G\ty^,{z) 5®„ A54(a;5,^ * id){W°)\ = A^,j7r„((l 5® zd){Wn)a{z)] 

N N 

(a) for any X G ^^j, 7ra(X) belongs to 91^2, and : 

G*A^-^(X)=A^2(7r„(X)) 

(lit) G*J^^ = J^^G* 

(iv) the projection GG* is equal to the support p of tt^; let us consider tTq as an isomor- 
phism between {A xi^ &)p and s(y4")'; then, this isomorphism sends the weight ipi^ on 

Proof. Let x, y be in the Tomita algebra 'J'^i,Ti; we get that the scalar product 

{G*{A^,{z) b(S)a A$4K,r? * id)[{Ja(S)^ J)W{J ^.^fs J)]])\A^,{x) A^M) 

is equal to : 

(A^, (z) A|i, [(w^,^ * td) [{J J)W{J J)]]\G{k^, {x) A^, {y))) 

N j^o N° V'o 

or, to : 

* ^d)[{J J)W{J J)]]\{uJA^^^^x),A^^(z)*id){G)A^^{y)) 

which, using 3.8(iii), is equal to : 

(A54(W^_^ *2c/)[(Jo(g)^ J)W{J a®i3 J)]]\^^{{^A^^{y),A^^{z) b*a id)a{x)) 
ATo N° N 
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If, moreover, r] belongs to D(5 ^/^), we get, using 2.2, that it is equal to : 
and, if, moreover, 6~^^^ri belongs to D{aH, u), this is equal to : 

N N 

= iji{{id b*a (^^,5-^2 )a{x*)zat]{y*)) 

N 

= {zA^, [at] {y*))\A^,{{id i,*a ^5-1/2^ 5)o(x)) 

N 

which, using 2.4 and the standard implementation associated to the weight ipi, thanks to 
3.2, is equal to : 

{zA^,{atl{y*)md*Ur,,^){V^,JAi^,{x)) 
and, by continuity, we get that the equality : 

{G*{A^, (z) Aj, [iuj^,n * id) [(J J)W{J J)]])\A^^ (x) s^r A^i (y)) 

= {zA^,{at]{y*)md*uj,,^){V^M^,{x)) 

= m*u^^,){v;;)zA^,{at\{ym^^A^)) 

remains true for the initial hypothesis on ^ and 77. Therefore, we get, using 3.6, that this 
scalar product is equal to : 

(vrj(l b®a [K,r, * id) [{J J)W{J J)]]a{z)]A.^, {atl {y*))\A.^, [x)) 

N N° 

which, using 2.6, is equal to : 

A^2(^a[(l b®a [{(^e_,n*id)[{J J)W{J J)]] o(z)] ) | A^^ (x) s®r A^^{y)) 

N j^o N° '00 

which, by continuity and density, gives (i). By density, we get, using 2.5, that, for any 
z G DT^^ and a G OTjc H ''Jlfc, we have : 

G*A r ((1 b(S)a a)a{z)) = G*{A^,{z) b^a A$.(a)) = A^,(7r4(l 0)0(2)]) 

N N N 

The linear set generated by elements of the form (1 b'^a 0)0(2), with a G 91gc H 01^,^ 

N 

and z G OT^i, is a core for A^^ ([E5], 10.8(ii)). So, if X G there exists elements 

Oj G DTjc n and 2;j G OTw,! such that the finite sums b^a ai)ci{zi) are weakly 

N 

converging to X, and A [(1 b®a cii)ci{zi)] is converging to A {X). But then, on one 
hand, TTa{J2ii^b^a(ii)o-{zi)) is converging to 7rQ(X), and, on the other hand, the finite sums 

N 



A^,2(7r„[(l b<S)a ai)a{zi)]) = G*{Ar [(1 ai)a{zi)] are converging. So, applying the 

N N 

closed graph theorem to the closed apphcation A^^, we get (ii). If now X G 91^-^ fl 

we get that 7r„(X) belongs to n DT^^, and that G*S^^A^^{X) = S^,G*A^^{X). So, 

we have G*S^_^ C S^^G*; using now 3.8(vii), we get (iii). 

Using (iii), we get that J^^GG* J^,^ = GG*; as, in 3.8(v), we had obtained that GG* 
belongs to {A 0)', we get that GG* G Z{A Xq <S). Using then 3.8(v) again, we see 
that, for any X G A x^iS, we have XGG* = Gna{X)G*, and, therefore, that Hai^) = if 
and only if XGG* = 0, from which we get that GG* is equal to the support of n^. Using 
then (ii), we finish the proof. □ 
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3.10. Lemma. With the hypothesis and notations of 3.9, we get, for any m G M' : 

1 s®r vr„(l m) = G*V^^[l a<^p Jir{m*)J]V*G 

A'^ N N 

Proof. Using 3.7, 3.9(iii), 3.8(iv) and 2.5, we get : 

G[l 7r„(l b®„ m)] = G[l s^r Ji,^7^ailb(SaR''{m*))J^,] 
A" N A" N 

N N 

= JrG[7r„(U®«^^(m*)),®, 1]J^, 

^ N N 

= Jj^\lb0aR^{m*)]GJ^, 

^ N 

= J^^[U®aR''{m*)]J^G 
= V^,[la®pJR\m*)J]V;^G 

N° 

from which, G being an isometry, we get the result. □ 

3.11. Definitions. Let a) be an integrable action of a measured quantum groupoid 
C5 on a von Neumann algebra A, A be the crossed product, 7r„ be the Galois 
homomorphism from Ax^© onto the algebra s(y4°)' obtained by the standard construction 
made from the inclusion A" C A (3.6), and G be the isometry constructed in 3.8; then, 
using 3.9(iv), we get that the following properties are equivalent : 

(i) tTq is an isomorphism between A and 

(ii) the isometry G is a unitary; 

(iii) the inclusion A^b®a^H C a(A) C AXqIS is standard, and the operator- valued weight 

N 

To is obtained from Tq by this standard construction. 

In that situation, following [DCl], we shall say that a) is a Galois action of 0, and 
that the A" — A^^-bimodule A will be called a Galois bimodule for 0, and the unitary 
G = a^G from H^-^ s®r H^^ onto H a®b H^^ will be called its Galois unitary. Then, it is 

clear that the representation /i of M' on H^^, defined in 3.6, is faithful. 
Moreover, a normal semi-finite faithful weight ipQ on A" will be said a- relatively invariant, 
if there exists a normal semi-finite faithful weight on A, invariant by a, and bearing 
the density property, such that the two automorphism groups a* and (T^i on A commute 
(where ipi = iIjqo T^). In that situation, we shall say that the 5-uple (A, 6, a, 0, V'o) is a 
Galois system for C5. Then, thanks to [VI], we know that there exists a positive operator 
5a affiliated to A, and a positive operator affiliated to Z{A) such that : 

We shall call Sa the modulus of the action (&, a), and Xa the scaling operator of the 
action. 

Starting from a left-action (a, b), we get the notion of left Galois system and that 
{A, a, b, 0, -^o) is left Galois if and only if {A°, a°, {a]\fb)°, 0", iPq) is Galois, or, conversely, 
that {A, b, a, 0, -^o) is Galois if and only if {A°, b°, (7^0°, 0°, ipo) is left-Galois. 

3.12. Examples, (i) Let (&, o) be any action of on a von Neumann algebra A; then 
(2.5), there exists an action (1 f,®^ d, d) of on the crossed product A x^ (3. This 

N 

action is integrable ([E5], 9.8); we have {A x^ (5^ = ci{A) ([E")], 11.5), and, as the 
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inclusion a{A) C A xi^ <5 C A i,*a £,{H) is depth 2 ([E5], 13.8), we obtain, by ([E5], 

N ^ 

13.9) that the dual action (1 a, cl) is a Galois action of with a{A) C A xi^ 25 and 

N 

1 a{N) C A Xn as Galois bi-module. 

N 

(ii) in particular ([E5], 9.5) we get that (/3,r) is a Galois action of &, with a(A^) C M 
and /3(A^) C M as Galois bi-module. Moreover, we get that (M, /3, F, $ o i?, z/) is a Galois 
system for C5. Then, we can easily check that = a{N), that the operator- valued 
weight Tp is equal to the left-invariant weight T^, and, therefore, that ipi = ^, a = a, 
r = a, s = /3, V^^ = aW°*a, vrr = id, and G = W. 

(iii) if (6, a) is an integrable outer action of (S on A, then, (6, a) is Galois : let G be the 
isometry constructed in 3.8; as, by definition ([E7]), we have Axia^ria^A)' = li,^aO:{N), 

N 

we get, by 3.9, that there exists a projection p G Z{N) such that GG* = 1 ^(p) is 

N 

the support of Tr^; using 3.8, we get that p = 1, which gives the injectivity of 

3.13. Lemma, (i) Let {b,a) be a Galois action of the measured quantum groupoid & on 
the von Neumann algebra A; let ipi = ipo o Ta, V^^ the standard implementation of a 
associated to tpi(2.5), and G the Galois unitary of the Galois system. Then, we have : 

(ii) Let W be the pseudo-multiplicative unitary of 0, 14^° be the pseudo-multiplicative 
unitary of 0°, W be the pseudo-multiplicative unitary of(5. We have : 

Wa,o{J J) = iy°*(Ja®/3 J)W 

Proof. Using 3.9(iii) and 2.5, we have : 

a^Ga^oiJ^^ s®r Jtpi) = GJ^^ 

= 

= V^iiJtpi 6®a J)G 
N 

= V^-^ayo[J Q,(g)5 J^^)G 

N° 

from which we get (i). Using 3.12(ii), we obtain (ii). □ 

4. From Galois actions to Galois systems and back 

In this chapter, we suppose that we have a Galois action (6, a) of a measured quantum 
groupoid on a von Neumann algebra A, and a normal semi-finite faithful weight tpQ on 
A", such that the subspace D{{H^Jb, u°)r\D{rH^^, tpo) is dense in H^^, where ipi = ip^oTa. 
We then prove that right leg of the Galois unitary introduced in 3.11 generates A, and 
that this unitary satisfies a pentagonal relation (4.2). This allows us to prove, in some 
particular cases (4.6, 4.7) that there exits then a normal semi-finite faithful weight on 
A such that (A, 6, o, 0, ■j/'o) is a Galois system for (5. Conversely, if there exists a Galois 
system (A, 6, a, 0, ■i/'o) for C*, then the weight ipo satisfies this density property (4.11). 

4.1. Definition. Let (6, a) be a Galois action of the quantum groupoid C> on a von 
Neumann algebra A\ let a normal semi-finite faithful weight on A"; let us write ifji = 
i/jq o Ta, r for the injection of A° into A. We shall say that the weight ipo bear the Galois 
density property if the subspace D{{H^Jb, i^°) H D{rH^^,ipo) is dense in H^^. 
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4.2. Theorem. Let (6, a) be a Galois action of the measured quantum groupoid & on a 
von Neumann algebra A; let ipQ a normal semi-finite faithful weight on A", bearing the 
Galois density property, in the sense of ^.1; ,let G be the Galois unitary of {b,a), from 
H^^ s®r -f^Vi '^'^^^ H a®b H^^, as defined in 3.11. We have : 

(i) for any x m nOlT„, C e D{{H^X y°)r\D{rH^^,i)o) , C m D{{H^^)b, r/ G H, 
we have : 

(G(A^,(x) C)l^a®6 C) = (A<i.[(wc,C' b*a id)a{x)\\r]) 

and, therefore : 

{id * uj(^^(^i){G)X^,^{x) = A.s>[{(^c,c' b*a id)a{x)] 

N 

(a) for any x G 9^^^ fl DTrc y G ^'S> H DTt, C, G D{aH, v), we have : 
(^^A^,(x),j*r J*« * id){G) = {id h*a (^j^A^{yu)a{x) 
(Hi), for any x G 9^^^ fl ^^j, y, z in DT<i, fl 9Tt, wg have : 

{(^A^^{x),j^A^{rz) * id){Gy = (a;A^^(x*),j<i,A<i,(2-y) * id){G) 

(iv) the two unitaries (1 G){G s®r'^) O'^d {W l)a'^''^'{G b®a s®r s®r G), 

from H^^ H^^ to H q,®/? H a®h H^^, are equal. 

Proof. Using 3.8 (iii) and the definition of G, we get (i) by a direct calculation. Using (i), 
we then get : 

id){G)C\C') = {G{K^,{^)s®rC)yhy*-hio.®bC) 

= {A^{uj(;^(;> b*aid)a{x))\J,s>y*J^^) 

N 



(Jci,?/Jci,A$(a;^_^/ b*a id)a{x))\C,) 



N 



{{^^CC b*a id)a{x)Jii.A^{y)\^) 



N 



= {{ldb*aUJj^A^(y)^^)a{x)C\C') 
N 

from which we get (ii). Using (ii), we get : 

{(^A^Ax),J^A^{rz)*^d){G)* = {idb*a(^Ji,Ai,(y),J^A^{z))a{xy 

N 

= {id b*a (^Ji,Ai,{z),Ji,Ai,{y))ci{x*) 
= (t^A^j(x*),J<i.A<i.(2*y) * id){G) 

from which we get (iii). 

Let V G D{H^,u°), w G D{^H,u) n D{Hp,u"), ( G D{{H^X^") ^ D{rH^„i:o), x G 
^Tl^j n^Ta', "we have, using (i) and ([E5], 3.10 (i)) : 

{i * Uy^^){W){id * u^^i;'){G)A^^{x) = {i * a;^,^„)(iy)A$[(W(^,(^/ b*aid)a{x)] 

N 

= A^[{ujy^^ ,3*a id)T[{u^^^> b*a id)a{x)]] 

N N 

= A$[(u;^_^/ b*a ^v,w /3*a id){a b*a id)a{x)] 

N N N 

= A^[{{uy^u] a*b c<Jc,C') ° <^Na)a{x)] 

N° 
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Using 3.8(iv), we get that, for all y ^ A : 

{uJv,w a*b UJ(;,C') 0'?AfCl)(y) = {G{y s®r 1)G* {v C)\w a^b C) 

N° A" u° u° 

Let (ej)jg/ be an orthogonal (r, '?/;o)-basis for H^-^; there exists {vi)i^j and {wi)i^i in if^^, 
such that : 



a®h CO = s®r 

Using the intertwining properties given in 3.8(i), we get, for all G : 

5" iiK^)^.f = II 5" K^)^* s®r = \mn) i)G*{v Of 

= ||G*(/3(n)t; f = 11/3 a®6 Cf 

I/O U° 

and, therefore, as C is in D{{H^^)},,u°) and f is in D{Hj3,u°), we get that each Vi is in 
D{{H^-^)b, u"), and the same result holds for the WiS. 
On the other hand, for any 2 G we get : 

Y' \\r{z)vi\\^ = \\yir{z)vi s®r Cif = ||(r(2;),®, l)G*{va®bCW 

= \\G*{v o.®br{z)Of = \\v ^®br{z)Cf 

and, therefore, as v is in D{aH^v) and C, is in D{^H^^^iI)q), we get that each Vi is in 

So, we get that there exists Vi in z/°) H D{rH^-^^,ipQ), and in z/°), 

such that, for all y G A, we have : 



iuJv,w a*b C^C,C') ° "^A^Cll?/) = y^iyVi\Wi) 

I 

and, therefore (w^,,^ a*6 Wc,C') °'^a'^ = So, we get : 

N° 

N° 

^—^ N 

= ^(2*a;„,,^J(G)Av,i(x) 



and, therefore, for all 77 G we have : 

i 

= ^{G{A^^ (x) s®r Vi) \r] a®6 Wi) 
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which is equal to : 

^{{G s®r l)(Av.i(a;) s®r Vis^r ei)\r] a<^b Wi s®r Ci) 

= {{G s®r 1)(1 s®r G*){A^,{X) s(^r {v a®b C))l(l a®6 a® g W (')) 

On the other hand, we get that : 

{{i * ujv,w) (W) {id * wc,C') (G*) A^i (x) \v) = {{id* w^.c) (G^) A^^i (x) \ {i * uj^,^)iWyT]) 

= {G{A^,{x) 0\ii* 0J,,w)iWyr] CO 

is, using again 3.8(i), equal to : 

{(y^'\{G s^r a^o)[A^^{x) s(E)r {v a®b CM^* a^b l)iv a® a ^ c.®h C) 



where cr^'^ is the flip from [H a®b H^i) H®a H onto {H 3®a -f^) a®b H^^, exchanging the 

"'^^ N" \ '\ NO 

second and the third leg, and a with /3. □ 
From which we get that : 



{{la®b G){G s®r l)(ls®r G*)([A^,(x) s®r {v c.®b OWv R W a.® b C) 
N° A" A» 



is equal to : 



{W ^®b ^)(y ~SG b®a 1) (1 s®r (yuo)[Ai., {X) s®r {v a® ^ a®h C) 



and, therefore, that 



{yV a®b 1)(T^'UG b®a 1)(1 s®r (Tuo){l G) = (1 „®6 G')(G' 1) 

Mo "iP AT /la /la Mo A a 



4.3. Corollary. Let [b, a) be a Galois action of the measured quantum groupoid (& on a 
von Neumann algebra A; let tjjQ a normal semi-finite faithful weight on A", bearing the 
Galois density property defined in 4-1; us write ipi = tpQ o Ta, and let us write r for 
the injection of A° in A, and s for the anti-representation s{x) = J^-^r{x*)J^^ of A° on 
H^^; let G be the Galois unitary of {b, a), from H^^ H^-^ onto H a®b H^^, as defined 

in 3.11. Then, the linear space generated by the elements of the form {ujc,c,' * '^d){G), for 
all ( in D{{H^-^)s,iPq) , and G D{aH, u) is weakly dense in A. 

Proof. Let us first look at the product of two elements of that form. Let Ci G D{{H^,Js, "^o)' 
and C[ e D{aH, u); let ^, 77 in H^^. Then, we have : 

= b®a 1)(1 s®r (Tuo){l s®r G)]{C (l s®r I (C R^a Q a®b V) 

"'P N A» A" ^0 i'o y V-g 

which, using 4.2 (iv), is equal to : 

((1 ^®b G){G s®r 1)(C s®r Cl s®r Oli^ a®b l)[(C' fl®" C() a®b V]) 

N° A" Vo 4>o y Vo 
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Let (ej)jg/ be an orthogonal (a, z/)-basis. As in ([E3], 3.4), we can prove that there exist 
(Ci)iG/ e D{{H^^)s,'ipQ) and (CDie/ ^ D{aH,u) such that : 

G{C s®r Ci) = y^eiaOf, Ci 

i 

and, therefore, we get that : 

i 

which proves that the product (w^^^ * i(i)(G')(a;^j^^j * id){G) is the weak hmit of the finite 
sums {ojq^c[ * id){G). So, by continuity, we get that the weak closure of the linear space 
generated by the elements of the form {<jJc_,c' * id){G), for all Q in D{{H^-^)s,iPq), and 
C G D{aH, u) is an algebra. 

Using 4.2(ii), we get, on one hand, that all the operators of the form {oJc^^^c,' *id){G) (with 
C2 G D{{H^-^)s, ipo)) belong to A, and, on the other hand, that the closure of the linear set 
generated by these operators is the closure of the set of all operators {idb*a ^c" C')'^(^)) 

N 

for all C') C" ill D{aH,u), and x E A, and is therefore invariant by taking the adjoint, 
and that it contains all operators 6(< C'X" >bu°) = {'idb*a uj(^/r (^/)a{l). Therefore, it is 

TV 

a sub- von Neumann algebra B of A which contains b{N). If now X G B', we get that 
X b'S)a 1 belongs to a(A)' fl b{Ny b0a 1 = a{A)' n b*a o;{N), which is equal to the 

N N N 

commutant {a{A) U b®a a{N)')'. Thanks to ([E5], 11.5(ii)), we have : 

{a{A) U 1h. b^a «(iV)')" = A b*a ^{H) 

^ N N 

and, therefore, we get that (a(A) U 1// , b®a Oi{N))' = A' b^a 1- So, any X E B' belongs 

^ N N 

to A' , and we finally get that B = A, which finishes the proof. □ 
4.4. Proposition. With the assumptions of 4-3, let us write K^^ = G*{Jq,5^^Ji^ a®b ^)G. 

N° 

Let T2 be the canonical operator-valued weight from s{A°y onto A obtained by the basic 
construction from T^, and ^'2 = i^i ° T2. Then : 

(i) the one-parameter group of unitaries lO*" on H^^ H^^ belongs to A' s*^ A. 

(a) there exists a one-parameter group of automorphisms pt 0/ s(A")' such that, for all 
y G s{A°)' , we have : 

K'\ys®r 1) K-'' = Pt{y) s®r 1 
A" A" 

with pt{x) = X, for all x E A. 

(Hi) for any y G s{A'^y~^ , we have '02 ° Pt{y) = 4'2{b{q)~^y) , where q belongs to Z{N) 
and is such that the scaling operator of & is \ = a{q) = f3{q), and b{q) G Z{A), and 
T2{pt{y)) = biq)-'T2iy). 

(iv) Let us identify H^^ ^''^d H^^ s®r H^-^ (2.6); then K^^ is the standard implementation 
of Pt, and, therefore, we have : 

K''A^,{x) = A^Mqy^'ptix)) 
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for any X G 91^,2 , and : 

(v) It is possible to define a one-parameter group of unitaries K^^ i^^^b^a (5** on H^^ s®r 

V 

h®a H , with natural values on elementary tensors; moreover, we have : 

V 

A" AO 

V 

(vi) for any s,t m R, we have (Aj*^ A^*J(J^*^)(A;^f A^f ) = K'' . 

Proof. By a straightforward application of 4.2(iv), we get that i^T** belongs to L{H^-^)s*rA] 

A" 

moreover, using 3.8(v), we get, for any X G A ><„ 0, that : 

A" 

and, therefore, if X = a{x), with x G A, we have, using 3.8(iv) : 

AO N 

from which we finish the proof of (i 

Using ([E5], 3.11(ii)), we get that, for any a G M, that 5**a(5~** = r_((T*^^(a), and 

applying this result to 0, we get that = 'r_(Cr*°^(6), for any b in M; moreover 

using now ([E'l], 3.10(iv)), we get that : 

J^6''J^bJ^6~''J^ = T^t(yf{b) 

and that, for any c in M', J<i,6^^ J<s,cJis,6~^^ J<s, belongs to M', and, more precisely, that : 

J(^5^^ J^cJq,5~^^ Jq, = T^jCrf (c) 



K'\x s®r l)K-'' = G*{1 b®„ J$5**J^,)a(x)(l f,®„ J^5-''J^)G = G*a{x)G = x 

A" N N A" 

it _ ^ „^oR( 



from which we infer that the one-parameter group of unitaries 1 b'^a J^uJ^ implements 

N 

a one-parameter group of automorphisms of A <3] which gives (ii), thanks to 3.8(iv). 
Then, using ([E5], 13.4, and 3.8(vii) applied to 0'^), we get that, for any x G 9^^^ and 
c G ^fljc, we have : 

^[(1 b®a J<i.5**J$)a(x*)(l c*c)a(a;)(l J^6~''J^)\ = \\A^,{x) A|;c(r^taf (c))f 

N N N V 



|2 



V'i[a(x*)(l A *c*c)o(x)] 



from which we get, using again ([E5], 13.4), that : 



Af AT iV 

for any X G 9Jl"t . 

As A = = /3(g) is affiliated to Z[M) ([E5], 3.8(vi)), we get that 1 A = a(6(g)), 

and that 6(g) is affiliated to Z{A). Using now 3.9, we get the result. 

Using now ([E5], 3.10(vii) and again 13.4), we get that (1 J$5**J$) is the standard 

N 
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implementation of Ad({lb<S>a -^$^**<^*)|Ax„<s H^-^ b®aH (which is identified with Hr by 

([E5], 13.4). Therefore, using again 3.9, we get that K^^ is the standard implementation 
of thanks to (iii), we finish the proof of (iv). 

Similarly, using again ([E5], 3.8 (i) and (v)), we get a(ri)5** = 5**a(7i(j^(ra)); as v is 
invariant under 7^ ([E5], 3.8 (v)), there exists a one-parameter group of unitaries /i** on 
Hy, such that, for all n G we gave K^{pftC^^{n)) = /i** A,^ (n) , and h^*mh~^^ = 'jtO'^^m), 
for all m & N; therefore, if rj is in D{aH, u), it is straightforward to get that 5**?7 belongs 
also to D{aH, u); more precisely, we have then : 

from which we infer that R"'"^ (d'^^ri) = 6'^^R"''^{ri)h^\ and, if 77, rj' belong to D{aH,i'), 
we get that < 5^^ri,5^*"q' >°ay= 7-tO"!lt(< >°av)- From which we get, for all ^, ^' in 
if^j s®r -f^Vi' using (ii), that : 

= {K^\l,^rb{<v,v'>a,M\K''0 

A" 

A" A" 

from which we get the first result of (v). 

Using now 3.8(iv) and 4.2(iv), we get that {id s*r '^ArCi)(A'**) is equal to : 

A" 

[{W „®b l)(T^'l{G b®„ 1)(1 s(^r (ruo)]*{l a®b G){J^6''j^ «®b 1 1)(1 G)*... 

N° "'P JV A» JV AT A° AT 

...(t? l)a^'\{G 1)(1 

and is therefore equal to 

[(r^''^,{G b^a 1)(1 s^r a^o)Y{W*{J^6''j^ l)Wa®b 1) (G 6®a 1)(1 s^r Cr^")] 

Using ([E5], successively 3.10 (vii), 3.11 (iii), 3.6 and 3.8 (vi)) we get : 

N" N 

= (7yo{J i3®a Jq,){6'^ i3®a S'^){J a®^ J<i>)cru'' 

V V I/O 

N 

N 
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from which we get the second result of (v). 
Using (iv) and ([E5], 3.11(ii)), we get : 

(A;\ A^;j(K-)(A-f A-*) = (A;\ A;\)G*(J^5-J* l)G'(A-f ,0, A,-f ) 

■00 ■00 00 I^" ^00 

= G*{i6A^r'J^6''M6A^f 1)G 

u° 

which is (vi). □ 

4.5. Theorem. Let's suppose again the assumptions of 4-3 and 4-4! be the one- 

parameter group of unitaries on H^^ -f^0i defined in 4-4'> iJ-s suppose that there 

exists a positive non singular operator 6a affiliated to A such that we have, for allt gM. : 
Then : 

(i) it is possible to define a one parameter group of unitaries 5^ h®a 5** on H^^ f,®^ H , 

V V 

with natural values on elementary tensors; moreover, we have : 
(a) for all s, t in M, we have = 

(Hi) there exists a normal semi-finite faithful weight (f) on A such that (A, 6, a, ^/'o) 
a Galois system. Moreover, the modulus of this Galois action is operator 5a, and the 
scaling operator is equal to b{q), where q G Z{N) is such that a{q) = f3{q) = X, the 
scaling operator of 

Proof. Using 4.4(v), we easily get (i). Using now [E5], 8.8(iii), we get that a((Tf^(5yi)**) = 
(^Pi^AY* b^a and, therefore, that afi belongs to r(A"). 

So, there exists k^r{A'') such that af^^^) = k''H\ = 5^t'K 

Let us write k = Xdcx, and let us put /„ = f^^^ dcx; then using ([E'l], 2.2.2), we get 

that, for any x E Dl^,^ fl DItc a;/„/c~*/^ is bounded and belongs to '^Ta H and, with 
same arguments, we get that x/„,/i;~*/^5^** belongs also to H ^ipi- We then get that : 

J^,6p^,ATSxfn) = KTSxfnk-"H-/) 

and, therefore, with the notations of 4.4(ii) : 

P*(At„(x/„)At„(x/„)*) = KTX^fnk-"'5-/)^TS^fnk-"^5~/r 
from which we get that : 

T2PtiATSxfn)ATSxfny) = 

and, on the other hand, using 4.4(iii), we have, using the fact that b{q) is affiliated to 
Z{A): 

T2pj(Ar„(x/„)AT„(x/„)*) = b{qy'xfnX* = xf^-'x* 

from which we easily deduce that k = b{q), which finishes the proof of (ii). 

Using [VI], we get that there is a normal semi-finite faithful weight </> on A, such that 

(Dcp : D^i)t = b{qy^ ^'^8% and that the modular groups a"^ and cr'^'^ commute. If x G 

1/2 

is such that x5J^ is bounded, then this last operator belongs to Dt^^ and we can 
identify A<)<,(x) with h.^^{x5^J^) and with b{qy/^J^-^; we shall denote, for n E N, a{n) = 

33 



J^^h{n*)J^^ = J^b{n*)J^. 

For a; G 91^ and// G z/)nL'(iJ/3, i^'')nT>((5^/2), such that d'^/'^ri belongs to D{aH, u), 

we have, using these remarks, and the fact that ipi is 5-invariant, 4.6(iii) : 

I/O u° 

= (^1 b*a w5-i/2„) (o(5y^x*x5y^)] 

AT 

= {(f)b*aUJn)[a{x*x)] 

N 

which remains true for any t] G D{aH^v) fl D{Hi3,h'°), and gives then, using ([EG]7.6) 
that the weight is invariant under a, which finishes the proof. 

□ 

4.6. Corollary. Let (6, a) 6e a Galois action of the measured quantum groupoid & on a 
von Neumann algebra A; let tpQ be a normal semi-finite faithful weight on A", bearing the 
Galois density property defined in 4-1; let pt be the one-parameter group of automorphisms 
ci/s(y4°)' defined in 4-4- Let us suppose that this one-parameter group is inner; then : 
(i) there exists a non singular positive operator 5a affiliated to A r\r{A'^y such that : 

(a) there exists a normal semi- finite faithful weight (p on A such that {A, b, a, (p, ipo) is a 
Galois system. 

Proof. As pt{x) = X for all x G A, we get that there exists a positive non-singular operator 
6a affiliated to A fl r(A")' such that, for all x G we have : 

Pt{x) = J^^5'^aJ^^xJ^^5j^^^J^-^ 

and then, using 4.4(iv), we have (i). Result (ii) is then a direct corollary of 4.5(iii). □ 

4.7. Corollary. Let (6, a) be a Galois action of the measured quantum groupoid on 
a von Neumann algebra A; let us suppose that the invariant subalgebra A"- is a finite 
sum of factors (in particular, if A° is finite dimensional); let tpQ be a normal semi-finite 
faithful weight on A°, bearing the Galois density property defined in 4-1; then, there exists 
a normal semi-finte faithful weight (p on A such that [A, b, a, (p, ipo) is a Galois system. 

Proof The center is equal to s{Z{A°)); if A" = ©ig/Fj (with a finite set /), we 

get that Z{A°) = ©jg/C, and that any automorphism of Z{s{A'^)') gives a permutation 
in the set /; therefore, the restriction of the one parameter group pt defined in 4.4 to 
this center gives a continuous function p from M to the set ©(/) (with the pointwise 
topology); as p~^{id) is open, closed, non empty, we get that pt acts identically on the 
center Z(s(y4")'); therefore, pt is inner, by ([StZ] 8.11), and we get the result by 4.6. □ 

4.8. Theorem. Let {b, a) be a Galois action of the measured quantum groupoid & on a 
von Neumann algebra A; let ipQ be a normal semi-finite faithful weight on A^, bearing the 
Galois density property defined in 4-1; let G be the Galois unitary of {b, a), as defined in 
3.11; let ipi = ipQ o Ta, and %pi its dual weight on the crossed-product A xi(, C5. Then : 

(i) for all s, t in M, we have : 

N N 
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(a) there exists a one-parametrer group of unitaries = 7r„((l J8 ^^J) on H^^, 

N 

which defines a one-parameter group of automorphism of A defined, for all X E A, 
by T^{X) = P^AP^"^^. For any x G A", we have t^{x) = af°{x), and, for all n & N, we 
have Tf{b{n)) = 
(Hi) for all t G M, we have : 

a{rf{X)) = {at b*a ^f°'')a(X) = {rf n)a(X) 

N N 

a{ap{X)) = {T,\*^af)a{X) 

N 

(iv) we have, for any positive X E A : 

^,oT,^{x) = Mb{qr'x) 

where q is the positive non singular operator affiliated to N such that the scaling operator 
Xofe satisfies X = a{q) = (3{q) ([E6], 3.8(vi)). 

(v) for any X G we have P^A^^{X) = h^qf^'^k^^^T^^X)). So, is the standard 
implementation of , and J^^P^ = PA-^i'i- 

(vi) there exists a one parameter group of unitaries P^ Pa ^tpi s®r H^-^, with 
natural values on elementary tensors, and a one parametrer group of unitaries P"^^ ct®bPA 

N° 

on H ct®b H^^, with natural values on elementary tensors, and we have, for alltEM. : 

v° 

G{Pl Pi) = (P** Pl)G 

yl» N° 



Proof We know ([E6], 3.2) that A*,* = A!*^ b®a (^Ar^*); from which, using ([E5], 3.11 
(ii), (vii) and (iv)) we get that : 

af(Ug)„ J5*V) = (A^\,®, (5Aj**))(U®„ J5*V)(A-ffc®,(5A|)) 

N N ^ N ^ N 

= U®«((5A$)^*(J(5'V)((5A$)-'* 

N 

= U®«A^(J5'V)A^^* 

N 

= lb®aP"\ JS'' J) ( J6'' J) ( J6~'' J)P-'' 

N 

= lb®^P'\J5''J)p-'' 

N 
N 
N 

which gives (i). From (i), and 3.9 (iv) and 3.11, we get that : 

a^(7r„(l J)) = 7r„(l k®a JS'^J) 

N N 

from which we get : 

Ai (7r„(l J5'V)A-f = 7r„(l J^J) 

N ^ N 
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which gives the commutation of the two one-parameter groups of unitaries A^^ and 
7ra(l b®a JS^'^J), and the existence of the one-parameter group of unitaries P4. 

N 

We easily get that a[(l J)a(X)(l JS'-'^J)] is equal to : 

N N 

(1 b®, jf'J jt''J){a{X)^®pl){lb®a JS''J&^p JS''J) 

N jv° ^ N° 

= [(1 b®a J6-''j)a{X){l b®a JS''J)] 1 

N N jqo 

from which we get, using ([E5], 10.12), that (1 b®a J)o(X)(l b®a JS^^J) belongs to 

TV TV 

a{A), and, therefore, that 7rn(l JS^'^^J)X7ia{l b®a JS'^^J) belongs to A, from which it 

TV TV 

is straightforward to get that P^XP^^'^ belongs to A, and gives the existence of t^. 
We have : 



TV TV 

= {lb®a Jt^'j) {ap {X) b(^a 1) (1 JS''J) 
TV TV Af 

= af%x)b(S>al 

TV 



= a(ar(x)) 

from which we get that rf^i^x) = af°{x). 
We have, for all n G : 

a{Tf{b{n))) = a[7ra{lb^aJS~''J)ap{b{n))7r,{lb^aJS''J)] 

TV TV 

= a[7r„(l b^a J5~'Kj)5-/at{h{n))5'iTi,{l b®c. JS^'J)] 

TV N 

= aK(l b®a J6~''J)62H{a''_,{n))6'^7r,{l M'J)] 

TV TV 

= (1 b^a Jr^*J)(5/ b^a b^a /3 {{^-tin))Wl b^a b®a JS^'J) 

TV TV TV Af TV 

= 1 b^a JS~''J6~''P{{a'^t{n)))6''J6''J 

TV 

= 1 b®a r6-''Ja^Jl%fma%{n))))J6''j 

TV 



= lb®o.J5-''jp{^t{n))J5''J 

N 

and, therefore, we get : 

= 1 b<i^^ J5~''a{^t{n*W'J = 1 b®a Ja^faf{a{^t{n*)))J 

TV TV 

= 1 b®a M<{n*))J = 1 6®. = a(6«(n))) 

TV TV 

which finishes the proof of (ii). 

As, using ([E5], 3.10(vi)), we get that J5~** J is equal to P**Aj**, and, therefore, imple- 
ments Ttcr*^, we get, using ([E.'>], 8.8), that : 

air^^iX)) = (ap b*a a^HX) 

TV 
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Using ([E5], 3.8 (i) and (ii)), we get that T oa^° = (cr*"-^ rt)r, from which, we infer : 



N 



:afe*„irf)a(ri^(x)) = (irf b*„ r)a(r/^(X)) 

N N 



= (zrfb*,r)(afS*«a?f)a(X) 

TV N 

= 5*„ri)M,*„r)a(X) 

N N N 

= {(^P b*a (^-t^ b*a n){ab*a id)a{X) 

N N N 

= {ab*aid){Tf b*aTt)a{X) 

N N 

from which we get that a(r/'(X)) = {rf Tt)ci(-^)- 

N 

Finally, we have : 

a(a^(X)) = (1 J5'*J)o(r,^(X))(l h®a J^-'Kj) 

N N 

= {id b*a T_taf){Tf b*a n)a(X) 

N N 



N 



which finishes the proof of (iii). 
We have, for any positive X E A : 

UrfiX)) = {zdb*a^)a{Tf{X)) 

N 

= {idb*a'^){rf b*art)a{X) 

N N 

= Tf{idb*a^ort)a{X) 

N 

As $ o Tt{Y) = $(A"*F) for any positive Y e M ([E')], 3.8 (vii)), we get that it is equal 
to r/^[T(j(6(g)~*X)], and, using (ii), to af°[Ta{b{q)-'X)]; from which we get (iv). 
If ( is in D{rHi)ii'ipo), we have, using (3.8(i) and (iv)), and then (iii) : 

^(71,(1 5®« J6"''J){A^,{X) s®r = (1 b^a J^"^* J) V 6^ A<I.((WC,e. b*a ld)a{X)) 

N i!o N N N 



Y] Ci P'*A^^*A$((a;^,e, b*a td)a{X)) 

^—^ N N 

I 

ti b®a X^*^'^A^s>[rt(r'^ti^(;,e^ b*a id)a{X)] 

^—^ N N 

t 

Ed b(S)a A<s>iiuJc,ei b*a id)a{Tfaf^X)) 



N N 
t 

= (1 b®a \-''^)G{K^,{Tfat\{X)) s®r C) 
N Vo 

from which we get that : 

7ra(l b®a jt''J)A^AX) = h{qy"^K^,{Tfat\{X)) 

N 

which gives (v). 

Thanks to (ii), one can easily get that if C, belongs to D{rH^-^^,ipQ), so does, for all 
t G M, P|C, and that W'^^i^PfQ = ^A*^''''^°(C)A;^f . Using then (v), we obtain easily the 
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existence of the first one parameter group of unitaries. Using again (ii), we get that, if 
C belongs to ^((i/^Jb, z/°), so does PfC', and that R^^''° (P'^C) = PfR^^''°{C,')K'\ from 
which one gets the existence of the second one parameter group of unitaries. Moreover, 
using successively (v), 4.2(i), (iii), [E6], 3.8(vii) and (vi), and again 4.2(i), we get, for all 

{id * ujpH^^pH^>{G)P'2A^,{x) = = {^d*u;p^t^^p»^,{G)b{qY/^A^^{Tf{x)) 

= A^{{uJp^trp^t., id)a{b{qy^^Tf{x)) 

N 

= A$(/3(g)*/VK.C'b*««c?)a(a;)) 

N 

N 

= P'\id*uj^^(^,){G)K^,{x) 
from which we get the formula we were looking for, and which finishes the proof. □ 



4.9. Theorem. Let {b, a) be a Galois action of the measured quantum groupoid on a 
von Neumann algebra A; let i/jq be a normal semi-finite faithful weight on A", bearing the 
Galois density property defined in ^.i; let ipi = ipo o Ta, and G be its Galois unitary,. 
Let us suppose that there exists two strongly commuting positive non-singular operator 6a 
and Xa, affiliated to A, such that the normal semi-finite faithful weight (p on A defined 
by {D(f) : Di/ji)t = ^^5^ (by [VI] 5.1) is invariant under a; then : 

(i) there exists a one-parametrer group of unitaries 5^6®a5** on H^-^b(^aH , having natural 

N V 

values on elementary tensors, such that, for all t : 

N 

(ii) there exists a one-parametrer group of unitaries J^^fJ^J^i s®r ^a ^'^ ^tpi s®r H^^, 
having natural values on elementary tensors, such that, for allt^K. : 

J^AJi^i s^r S'i = K'' = G\J6''J^®, l)G 

A» N° 

(Hi) we have \a = b{q), where q is the positive non-singular operator affiliated to Z{N), 
such that A = a{q) = f3{q) ([E^3.8(vi)); the operator Xa is affiliated to Z{A), and 
{A, b, a, 0, ipo) is a Galois system for &. 
(iv) we have Tf'{5^l) = 5^. 

Proof. By definition, {Dcj) : D'ipi)t = A^ ^^5^, and, therefore, a(A^ ^^)o(5^) = {Dcp : Dipi)t 
where (p (resp. ipi) is the weight on Ab*a'Cj{H) given by the bidual weight on the bicrossed- 

N 

product (which is isomorphic to A b*a '^(H)) ([E5], 11.6). As the weight is invariant 

_ TV 

with respect to a, the weight is equal to another weight ([E6],7.7(x)), which is defined 
by the formula ^ = A^^ f,®„ AI^^^ ([E6],4.4). On the other hand, using ([E5], 13.7), 

and ([E6], 3.2), we get that ^ = A^f {SA^)-^/\ 
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Finally, we get : 

TV * N ^ N 

N 

N 

from which we get (i), and that is affiliated to A". 

It is straightforward to get that there exists on if^^ a one-parametrer group of 

V'o 

unitaries J^^^^J^i s®r 5% having natural values on elementary tensors; using 3.8(i), we 

AO 

get, for any x G OTr^ H Dl^^, C ^ -^((i^^Jfe, z/°) and (ei)jg/ an orthogonal (6, z/°)-basis of 

A" ■^Q Ipo 

^—^ N u° 

I 

which, using (i) and the fact that A a is affiliated to A", is equal to : 

i i 

N° Ipo 

= {J6''J l)G(7r„(l A*/2)A^, (x) A^*/' 

from which we get : 

A" i/iQ A''° 4>o 

Therefore, the application Q which sends A^^(x) s®rC on 71,(1 b®a A*/^)A^,-^(x) s®r ^a^^'^C 

Ipo N Ipo 

is bounded; as it is clearly positive, by the unicity of polar decomposition, we get (ii), 
and the fact that Q = 1; from which one gets that A^ is affiliated to Z(A'^), and that 
A^^ = 7ro(l A*''^), and, therefore, that : 

N 

Xf 1 = a(Af ) = 1 A*/2 = 1 /3(g*/2) ^ a(b(q'/')) 

N N N 

from which we get that A^ = b(q). Then, we get, for all x G A : 

o(A^xA/) = (1 b(S)a X'')a(x)(l A"'*) = a(x) 

N N 

because A is affiliated to Z(M)] so we get that A^i is affiliated to Z(A), and, by [VI] 5.2, 
that the modular groups of cr*^ and a'^'^ commute; which, thanks to 4.5, gives (iii). 
We have : 

N N 

= TTa(l 6®, J6-''j)yfS'i7r,(l J6-''J) 
N N 
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and, therefore, using 4.9 (i) and (iii) : 



N N N N 

iris ^ \ist^ f i;is\ 

N 
N 



AT 

from which we get (iv) and finish the proof. □ 



4.10. Corollary. Let {b,a) be a Galois action of the measured quantum groupoid on 
a von Neumann algebra A; let tpQ be a normal semi-finite faithful weight on A'^, bearing 
the Galois density property defined in 4-1; let ipi = ipoo Ta; then, are equivalent : 

(i) there exists a positive non singular operator 5a affiliated to A such that, for all t G M, 
we have K^^ = J^^S^^^^i s®r S^- 

(a) there exists two strongly commuting positive non-singular operator 6 a and Xa, af- 
filiated to A, such that the normal semi-finite faithful weight (j) on A defined by {Dcf) : 
DilJijt = A^ ''^5^ (by [VI] 5.1) is invariant under a. 

(iii) there exists a normal semi-finite faithful weight cf) on A, such that {A,b,a,(j),ipQ) is 
a Galois system. 

Then, 6a is the modulus of the action (6, a), and Xa = b{q), where qrjZ^N) is such that 
X = a{q) = (3{q)- 

Proof. We had obtained in 4.5 that (i) implies (iii); in 4.9, we had obtained that (ii) 
implies (i) and (iii); and applying 4.9 to (iii), we obtain (ii). □ 

4.11. Proposition. Let {A,b,a,(f),ipo) be a Galois system for the measured quantum 
groupoid &; let ipi = ipQ o T^, T be the normal semi-finite faithful weight from A onto 
b{N) such that cj) = v° o b~^ o and r the canonical injection of A'^ into A. Then : 

(i) the left ideal 9^^^ fl DTx-a H fl DTx dense in A. 

(ii) the subspace fl DTto H '^<j> H ^x) is dense in H^. 

(iii) the subspace D((i7^,Jb, v°) r\D{rH^-^,iljQ) is dense in H^^, i.e. ipo satisfies the Galois 
density property defined in ^.1. 

Proof. Using [VI], we know that, if x in A is such that x^Y^ is bounded and its closure 

1 /2 

x5jI belongs to D^I^, then x belongs to 91^^; we can then (and we shall) identify A^^(x) 

with X^{x5)l'^) and J^^ with J^. In particular, using the selfadjoint elements of A 
given by the formula : 

""-r(l/2)r(l/4)A/ A^d^dxdy 
which are analytic with respect to a"^ and such that, for any 2; G C, the sequence cr|(e„) 

1 /2 

is bounded and strongly converges to 1, we get that for any x G Ol^, x(e„5^ ) belongs to 

Let T be the normal faithful semi-finite operator-valued weight from A onto fe(iV) such 
that (j) = 1/° o o T. Let us suppose that x is positive in the Tomita algebra T^^x ([E-'j], 
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2.2.1) associated to and T (i.e. x belongs to DT^ fl Dlx, is analytical with respect to a'^, 
and, for all z e C, af{x) belongs to 01^ n OT; n OTx n As in ([L] 5,17), let us define : 

/T r+oo 
-j e-^''at{x)dt 

with fp = Jy^ det, where = tdet- and we get that Xp^q belongs to T^,i! is analytical 
with respect to a'^^and that, for all ^ G C, af'^{xp^q) belongs to T^,%. As af^att = Ad6^^, 
we get that, for all z in C, ^a^p.^'^a*^ belongs to T^X': particular, 6^ Xp^q6^ belongs 
to Tfp^i and enXp^qd^C^ = {5]l'^en)5~^^'^Xp^q6^J^'^ belongs to OT^nOTx. We prove this way that 
the set T^.j of elements x in fl fl DTx H *JIJ which are analytic with respect, both, 

of a'^ and a'^^ , and such that x5)[^ is bounded and belongs to fl D^x is weakly dense 
in A, and its image under A^ is a dense subspace of if^. 

Let us take x G T^X' using the fact that ipi is a 5-invariant weight with respect to a (2.5), 
we get (where a is the representation of on H^^ given by a{n) = J^J){n*)J^^) that : 
{T,,*^id)a{x*x) = 5i/2^(< A^,(x),A^,(x) >,,,)<5i/2 

AT 

= 5^/2/3(< J^,A^,,(x), J^,A^,(a;) >6,^o)5^/2 
= 5^/2/3(< Af J<^A^(x5y'),Af J^A^(x5y') >,,..)5^/2 
and, therefore, if rj belongs to D{aH, u) fl 2)((5^/^), we get that {id f,*Q, uJr^)a{x*x) belongs 

N 

to DJlj;^ (and to OJt^^ by similar arguments). 

Using now the fact that is invariant with respect to a, we get (where a means here the 
representation of A^ on i/^ given by a{n) = J^b{n*)J^) that : 

{%b*a'i'd)a{x*x) = I3{< A^{x),A^{x) >a,^) 

N 

= (5{< J^K^{x),J^k^{x) >b,u°) 
and we get that {id b*a ujr,)a{x*x) belongs also to Tt^ fl 9Jlt. So, we get that, for any 



N 

X G T^\, C, G D{aH, u), 7] G D{aH, u) fl !D((5^/^), the operator {idb*a ^r},^)<^{x) belongs to 



n m^, n oix n m^. 

So, we get that the weak closure of ^ contains all elements of the form 

{id b*a ^ri(Ci{x) for any C,, r] in D{aH, v) and x G A; using now [E5], 11.5 (ii), we get (i). 

N 

Let us suppose now that C G is orthogonal to A^(OTt^ fl D^^^ fl D^x ^ ^<)i)- Using 2.4 
and ([EG] 7.7), we get that : 

{Vi{K^{x) a®p 7?)|Cb®a 0=0 
N° N 

for all X G T^^^, r/ G Z^a^, v) n ©(^^Z^), ^ G D{^, v). As A^(r^^^) is dense in and 
is a unitary, we get that C b(g>Q = for all ^ G D{aH,u), and, therefore, that C = 0; 

TV 

which is (ii). 

We know that j0A^(aT<^naix) C D{{H^)b, z/°) and that J^^A^^{m^,nmTj C D{rH^^,tp°). 
As the canonical isomorphism between if^ and if^^ exchanges the representations of A 

(and, therefore, of b{N)), and sends on J^^A^^, we get that : 

J^,A^,{^^, n DTr„ n DT^ n DTx) C D{{H^,)b, u") n D{rH^„iJo) 

from which we get (iii). □ 
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5. Through the looking-glass 



In this chapter, we use the reflection technic introduced by De Commer in [DGl]; if we 
start from a Galois action {b, a) of a measured quantum groupoid on a von Neumann 
algebra A, we obtain a co-involutive Hopf-bimodule which has A" as basis (5.4). If we 
start from a Galois system {A,b, a, (pyipo), we then construct a left-invariant operator- 
valued weight on this co-involutive Hopf-bimodule, and obtain this way, "throught the 
Galois system" , another measured quantum groupoid. More precisely, we get in fact two 
measured quantum groupoids, one with basis A", called the reflected measured quantum 
groupoid of 0, throught the Galois system, whose underlying von Neumann algebra acts 
on H^,-^^ (5.11), and another one which will be a von Neumann algebra acting on H^^ (BH, 
with the basis A°(BN, and will be called the linking measured quantum groupoid, between 
the two preceeding ones (5.12). 

5.1. Notations. Let {b, a) be a Galois action of a measured quantum groupoid C5 on a 
von Neumann algebra A; let tpo be a normal semi-finite faithful weight on A" bearing the 
density condition. Let us now consider the von Neumann algebra N = A° (B N, equipped 
with a normal faithful semi-finite weight tpQ © u, its representation 5 = r © a, and its 

anti-representation /3 = s © /3 on the Hilbert space H^^ © H. For any m' G M', let us 
write fi{m') = Ha^l b^a nT-'), and consider the operator w{m') = fi{m') © m' on H^-^ © H; 

N 

we define this way a normal faithful representation w of M' on if^^ © H, and a faithful 
normal anti-representation U7° of M given, for any m G M by : 

zu°{m) = ii{Jm*J) © Jm*J 

We shall denote by Q the commutant w°{My . We shall use matrix notation for elements 
in Q, or, more generally, in L{H^^ © H). In particular, we shall write 

where P = na{l b'^a M')', and / is the following closed linear set of intertwinners : 

N 

T={X e L{H,H^^),Xm = 7r„(l m)X,Vm G M'} 

N 

We see that r(A") C P and s(A") C P, and, therefore, a{N) C Q and /3(iV) C Q. 
Let us remark that, for any ^ G i5((if^J^o, $°), the operator i?'^°'*°(^) belongs to / 
(which implies that I is not reduced to {0}). Using 3.7, we get that, if X G /, we have, 
for any m G M' : 

J^^XJm = J^^XR''{m*)J = J^^7ra{l b®a R'{rn*))XJ = 71^(1 b®a m)J^^XJ 

N N 

from which we get that J^^XJ belongs to /. 

In particular, for any n E N, we get that X G / satisfies b{n)X = X/3{n), and we can 
define 1h a®i3 X from H a®i3 H to H a<^b H^^. Applying this result to J^^XJ, we get 

that : 

Xa{n) = XJ(3{n*)J = J^Xn*)J^,X = a{n)X 
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and we can define X Sl®i3 from H 5,®^ H to H^^ a®i3 H, and X from H H 

N u° v° N V 

to H^^ H. 

Using tlien 3.6, we get that : 

V;^{Xfi®^ \u) = {Xs^^p lH){a{J®J)W{J(g)J)a) 

N N 

V^,{X&(^p 1h) = {X ^^o.Ih){(t{J ^ J)W*{J ® J)(t) 

N N 

Let us denote ei = l^f G A^, and 62 = Iat G A^; we get that 5(ei) = /3(ei) = -Pff^^ G P, 

and that 5(e2) = ${€2) = Pr £ and P = Qa{e^)i M = Qa{e2)- We can verify that 
C P and r(y4") C P. 

Let us describe now the fiber product Q Q- This von Neumann algebra is defined on 

N 

the Hilbert space : 

{H^^ © H) {H^^ ®H) = {H^^ H^^) ® {H H) 

where this direct sum decomposition can be seen with the projections : 

Pn^^s^rH^^ = 5(ei) 1 = 1 a(ei) = 5(ei) 5(ei) 

Ph-p®c.H = "(62) 1 = 1 5(62) = 5(62) 5(62) 

So, we can also use matrix notations for elements in Q Q, or, more generally, in 



L{{H^-^ © H) ^©5 {Hjp-^ Q) H)). In particular, we shall get : 



N 



N 



( Ps*rP lH*al\ 
^" N 

\ N N / 



where J ^*q, / is the closed set of intertwinners : 

N 

N 1/ V'O AT 

= (/x(mi) /i(m2))F, Vmi,m2 G M'} 

5.2. Lemma. Let's use the notations of 5.1, then, we have, for all X E I and m G M' : 
G*(l „©;3 X)W{m 3©„ 1) = K(l b©„ m] ,©, 1)G*(1 ^©^ 

G*(l „©;3 X)W{1 m) = [1 ,©^ 7r„(l ;,©« m)]G*(l „©;3 X)W 

N° N A" N NO 

and, therefore, G*{1 a®i3 X)W belongs to I P We obtain also that, for any v G 

N" N 

D{{H^Js,iPq) and ^ G D{Hs, v"), the operator {u^^^ * id)[G*{l „©/? X)W] belongs to J. 

N° 
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Proof. Using ([E5], 3.6(ii)) applied to 25, and 3.8(iv), we get the first formula. 
Using 3.10, we get that : 

[1 s®. vr„(l ni)]G* = G*V^,[1 a<^p JR\m*)J]Vl 
and, therefore, using 3.10, 5.1 and 2.2.3 : 

[l,®,7r„(U®„m)]G'*(l„®;3^) = G*V^^[la®pJR'{m*)J]V;^{Xk(d^l)a^o 

N" N° 

= G*\/^,(X 1h)[1 JR\m*)J]{aW°a)a 

N° N° 

= G*((X lH){aW°ay[l a®p J R\m*)J]{aW°a)a 

N N° 

= G*{la®pX)W°*{JR''{m*)J p(^^l)W° 

N° N 

= G*{la®f,X)W{l ^®^m)W* 

N° AT 

from which we get the second formula and finish the proof. □ 
5.3. Proposition. With the notations of 5.1, for any X E I , we have : 

N° A" N° AT 

Proof. Using 3.13 (i), we get that (J^j r®s Jipi)<^jiJoG*{l a®i3 X)Wa^o(J a®^ J) is equal 
to : 

G*(J/3®a a®/3 X)Wa,,o{J J) 

= G*{J p®a J^,)a^oV;^^{X l)a^oWa^o{.J J) 

N N N 

Using now 5.1, we get it is equal to : 

N N" N 



which, by 3.13(ii), is equal to : 



G*{l^®pJ^,XJ)W 

N° 



□ 



f A X'^ 

5.4. Proposition, (i) With the notations of 5.1, for any element [y* 
write : 

/, y^ /G*(1„®,A)G G*il^®^X)W' 
Q\Y* mj^ \w*ila(S)i,Y*)G f(m) 

\ N° 
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Then, we define an application Tg from Q into Q Q which is a coproduct. So, 

(iV, Q, 5, /3, Fg) is a Hopf-bimodule. 
(a) Let us write : 









If* 







JX*J^^ Jm*J 



Then, we define an involutive *-anti isomorphism Rq of Q, which a co-involution for the 
coproduct Vq. 

(Hi) For any A E P, let us write Tp{A) = G*{1 a®b A)G, and Rp{A) = J^^A*J^^; then 

N° 

(A", P, r, s, rp) is a Hopf-bimodule, and Rp is a co-involution for T p. 

Proof. We had got in 5.2 that G*{1 a®i3 X)W belongs to / /; so, for any rj in 

D{^H^^,'$'), we get that G*(l ^^Ofe 9^^"^' {^,r]))G commutes with /i(M') s®t ^{M'), and, 

therefore, belongs to P s*r P] by continuity and density, this remains true for any A in 

^ A" ^ ^ ^ 

P. So, we had got that Tq is an injective *-homomorphism from Q into Q Q- The 

TV 

fact that it is a coassociative coproduct is given by ??, which gives (i). 
We have seen in 5.1 that J^^FJ belongs to /; therefore, for any ^, rj in D{^H^^^ $'), we 
get that J^^6'^'*'(,^, //) J^^ belongs to P, and, by density, that remains true for any A in P. 
The fact that we obtain a co-involution is given by 5.3, which gives (ii). As P = Qa{e^), 
we easily get (iii). □ 

5.5. Proposition. Let (A, 6, a, </>, ^/'o) be a Galois system for (&; let tpi = tpo ° ^n/ l^t 6a 
be the modulus introduced in 3.11, and Pa be the generator of the one-parameter group 
of unitaries introduced in 4-8. Then : 

(i) there exists a one-parameter group of unitaries = P^'J^j^^J^j/ 

(ii) , we have, for all t and m E M' : 



N N 

and, in particular, for any n E N : 

A-*6(n)A^ = b{a^^,{n)) 

(iii) we have : 

{At A^)G = G{A^^ s®r A^) 

N A» 



(A| P^2)G = G(A^ P'25l 



N A" 



Proof. Using 4.8 (vi), we get that P^ commutes with J^^; using 4.8 (v), we get that P^ 
commutes with 5^; so, we get (i). 

Let now x E D^^.^, and let be ^ in DaH, u) and r] in D{aH, u) fl D((5^/^), such that 
belongs to D{Hp, u°). We have then, using 4.8(v), [E5], 8.4(iii), 4.9(i) and (iii), and again 



4.8 (v) and [E5], 8.4(iii) 



= A^,^ [{id b*a 

AT 

= A^,i [Xj^'^Tf'{id b*a U}p-^ts-^tsl/2r, p-itf)<^{x)S2'^] 
N 

- — - -it 

N 

- — - -it 

= Aa {id* ujp-its-Un,p-iti)(y^i)A^i{x) 



Therefore, using 3.2 and 2.2.2 applied to 0°, we get that 



A/7r„(l {u^^ri * ^d)[{Jp^a J)W*{Jp^& i)])A^ 

N N N 



is equal to 7rn(l af''{u^^rt * id)[{J p®a J)W*{J p®a J)]) and, by density and continuity, 

Af ' AT TV 

we get (ii). 

Using 3.8 and 4.8(iii) and (ii), we get, where x is in DTi/,^, C, in D{{H^-^)b, u") and (ej)jg/ is 
an orthogonal (6, z/'')-basis of H^^ : 



G'(A;\A^,(x)„®6 A^C) = ^A^[{uj^u.^_b*aid)a{ap{x))]^®bei 

I 

= ^A<i,\{uj'^t. b*a id){Tf b*a Crf)a{x)] a®b 

I 

= ^ A.%K^\{Up^t-^^t^^p~..t^^ b*a a{x)] Q®f, Ci 

i ^ 
i 

= Yl [K,PI'*J^i<5k*J^ie, b*a a{x)] «®b e^ 



and, using the fact that (-P^'V^^^^ J0^ej)jg/ is another orthogonal (6, i/°)-basis of H^-^, 
and that the sum doesnot depend on the choice of the basis, we get it is equal to : 



A'^A$[(w^,e, b*a a{x)] a(^b PA^J^^Sp^.d = {A1 .(g)^ Af)G{A^,{x) a®b C) 
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which gives the first formula of (iii). 
Finally, we have, using similar arguments : 

V'o 

^0 

^ — ' ^ ^ N v° 

i 

= A^[{uJp^tsitf b*a id){rf b*a Tt)a{x5^'-^)] a®b ei 

^—^ ^ ^ N N y° 

I 

I 

= P^^J^S''^J^A^[{uj. p~it b*aid)a{x)] a'^b Si 

I 

= VP'*J$(5^V$A$[(a;^,e, b*a id)a{x)] a®b P^^^i 

^—^ N v° 

% 

= (A|,®fePA*)G(A^,(x),®,C) 
which finishes the proof. □ 

5.6. Proposition. Let [A, b, a, 0, V'o) be a Galois system for 0; let ipi = ipo° Ta, and let 
A A be the operator introduced in 5.5. Then, we have : 

(i) there exists a normal semi-finite faithful weight on P such that = A^; 

(a) there exists a normal faithful semi-finite operator valued weight T[ from P on r[A°), 
such that = ipQ o o T[ . 

Proof. Using 5.5(ii) and the definition of the spatial derivative ([T], IX.3.11), one gets 
(i). Moreover, we then get that, for all t G M and x G A°, we have, using 4.8 : 

a^(r(x)) = Pp^,6p^A^)J^,6^''J^„PX'' = P'Ir{x)PX'' = r{at\x)) 
which gives (ii). □ 

5.7. Notations. (A, 6, 0,0,-^0) be a Galois system for C5; let V^i = ° and let A^ 
be the operator introduced in 5.5; let $p the normal semi-finite faithful weight on P 
introduced in 5.6(i), and let be the normal faithful semi-finite operator valued weight 
from P on r(A"), introduced in 5.6(ii), such that $p = V'o ° ''""^ ° . 

Let us denote $q the diagonal faithful normal semi-finite weight $p © $ on the von 
Neumann algebra introduced in 5.1. Let us first remark that we can also define a diagonal 
normal faithful semi-finite operator- valued weight from Q to a(iV), defined, for any 

positive element \ y* ^ ^ (which implies that A G P^, m G M"*" and Y = X), by 
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and we get that ® ^ = (ipo ® i^) o . 

It is straightforward to get that in Q belongs to DTq if and only if A belongs to 

9Tp, m belongs to 9Tj, X is such that < oo, and Y is such that $p(FF*) < oo. 

Let us consider the polar decomposition X = u\X\; then u belongs to /, and |X| belongs 
to 91^. Writing ^ = uA^{\X\), we get that, for all m G OTj, we have : 

^^i7ra(l m*)J^^^ = J^i7r„(l m*) J^,^uAg(|X|) = nJm* JA|,(|X|) = u\X\JA^{m} 

N N 

which means that ^ G D{{H^^)^o, $°) and X = 

If now we suppose that belongs to 9Tq fl we get that there exists 77 

in D((i7^J^o,8°), such that Y = R>'°^^\r]), and YY* = ^'^"•^"(r/, r/); by definition of 

^1/2 

the spatial derivative, the fact that ^piYY*) < 00 implies that r] G 2)(A^ ), and 
^p{9^°''^° {rj^r])) = ||Ay^?7|p; more precisely, there exists an antilinear involutive isometry 

- — ' — 1/2 1/2 ~ 

J on if^^ such that JA^ = A^ J, and we can write : 
it^^' (?7) ml 

and we identify this way with © © H^^ © if; for simplification, we shall 
identify A$^(^^ Jj^ ) with A$p(A), A*^((^g ) with A5(m). We shall write p]f^^ 

for the projection on the first subspace H^^ of and , for the projection on the 

second subspace H^^. 

If X G / is such that ${X*X) < 00, we shall write A^'\X) = A<s>q{(^q (and, 
therefore A^'\R>''^' (0) = ^ for all ^ G D{^H^^,d')). 

If F G / is such that <l>p(FF*) < 00, we shall write A^'\Y*) = A$^((^y* [j^), and, 

therefore, if r/ G D{^{H^^), $') n ©(A^^), we have A2'i(i?'^'*'(ry)*) = JA][^r]. 
The identification of i/$_ with Hi^,^ © i/^^ © i/^^ © i/ leads also to write : 

A$^ = A$^ © aY' © aY' © A5 

and 7$^ = 7$^ © (J © J) o r © J, where © 77) = 77 © ^, for any ^, in i/^^ . 
For any n G A^, x G A", we get that : 

a(n)m 

Using 2.1, we get, for any n E N, analytical with respect to u, that : 



and, therefore, that : 



and, using 5.5(i), we get that : 

K^^\a{n)R^^^' [t])*) = Jb{n*) A^^t] 
which, by continuity, remains true for all n E N; from which we obtain : 
7r<i, (5(x © n)) = 7r<i,^(r(x)) © r{x) © d{n) © a{n) 

where we define a{n) = Jb{n*)J. 
With similar arguments, we obtain : 

7r$ © n)) = 7r$.(s(a;)) © s{x) © b{n) © 



where we define b(n) = Ja{n*)J. Therefore, we get that 7r<j,„(ei) = pn^^ Ph^ 

5.8. Proposition. Let's use the notations of 5.1 and 5.7. Then, we have : 

(i) for any r] G 8°), v G D{^H,u)r\D{H^,u°), ^ e D{{H^Js,^o), the element 

X = (w^,^^ *id)[G*{l a®i3 R'^° {ri))W] , which belongs to I by 5.2, is such that ^ 
belongs to 91$ _ . 

(a) let be an orthogonal {s , ifj^) -basis ofH^^; there exists rji G D((if^J^o, <l>°) such 

that : 



N 



Moreover, we have : 



(Hi) we have : 



(iv) we have : 



\vc.®hrif = V \\r]if = II V^is®r^?if 



Proof. We have : 

X*X = {{u,,^ * id)[G*{l * id)[G*{l i?^°'*°(r/))l?] 

N° N° 

= K td)[W*il i?^°'5°(r/))*G(^^'^o°(^, ^) i)G*(l R^''^^''{rj))W] 

N N" 

= \\R^'^%Onu;.p*a^dm<v,V>,o^io)) 

N 
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and, therefore, using the left-invariance of Tl, then, using 5.7 : 

$(X*X) < \\R''^^KOrin{<V,V>,o^$o)v\v) 

N° 
N" 

from which we get that X*X belongs to and, using 5.7, we finish the proof of (i). 
Making now the same calculation with Xi = * id)[G*{l a®i3 R^°'^° {vi))W], we get 

N° 

that : 



^ X*Xi = {u^ id)f{< 7], 7] >^o^^o) 



and, then : 

N° 



Using again 5.7, we get that there exists rji G D{{H^J^o, $°) such that Xi = i?'^°'*°(?7j); 
from which we get that : 



2 



which is (ii). Let now m G DTj; we have : 



G{iis®r■XiJ^^{m)) 



and, therefore 



= (1 R^ ■* (r/))l^(^; JH{m)) 

N N 

Therefore, taking now G D{oiH, v) and £ -D((i/^Jf,, z^"), we get that : 
((Jm* J 1)G r/i)|Ci a<^b C2) 

= ((1 R^''^^\ti))W{v iA|;M)|Ci a®6 C2) 

N N 

= {R^°^^\Ti){u,,^,*id){W)JK^{m)\C2) 
and, using now ([EH], 3.10(ii) applied to 0, and 3.11(iii)), we get it is equal to : 
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Taking the limit when m goes to 1, we get : 

= {l3{<Ci,v>^^^)r]\C2) 

= (V a'S)b VlCl a®b C2) 
u° v° 

from which we get that Gi^}2it^i s®r Vi) = ^ which is (iii); this can be written : 

Ke,*zrf)(G*)r/ = r/, = A^'2(X,) 
which, by hnearity and continuity, gives (iv). □ 

5.9. Proposition. Let us use the notations oj 5.1, 5.7, 5.8 and take rj G D{{H^^)fj,o^^°)n 
D(Ay^); let us define s the anti-representation of A° on H^,^ defined by s{x) = Jr{x*)J , 
for all X G A^; let us define a the representation of N on H^,^ defined by a{n) = Jb{n*)J, 
for all n G A^; then, for any v G D{Hp,u°) and E, G D{{H^Js,ipo) H D^rH^Piyipo) the 
element 

N° 

is such that (^^* belongs to ^<i.^, and we have : 

N° 

/g (n)\ 

Proof. Let us first take rj such that A<j, _ ( ( / ^^^^^^^ Tomita alge- 

bra T$_, X in the Tomita algebra T^i.Ta, and y, z in Then, A^j(x) belongs to 

D{{HjIj^)s, iPq), and JAis,{y*z) belongs to D{aH, u) fl D{H^, Therefore, we can apply 
5.8(i) to the element X = (u;jA^fe.,),A , (.) * id)\G*{l /2'^°'*°(r/))l?]. 

N° 

*oYo X 



Using 5.7 and ([E5], 3.11 applied to 0), we get that the element {[ ^ ^ ) ) is of the 



X 

form ( Q ), with Xt = A^XA^**. Using now 5.5(iii), we get that : 



and the hypothesis on 77, x, y, z give that the function t H- extends to an analytic 
function; in particular, we get that A^'^(X) belongs to ©(A^^), and, using 5.8(iv) and 
4. 2 (iii), we get : 

AfK^'\X) = A'^\X.,/,) 



(%^^/^A,,(.),A^/^jA,(r.) * ^d^GyjAfr^ 
iujj^^A^^{x),A^{y*z) * id){G).JA]l^ri 
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and, therefore : 

= {0JA^Ax),JA^irz)*id)[{J o^^b J)G{Ji,, r®s J)] A''' (^)*) 

By the closedness of Aq, and, therefore, of A^'^, we get, for any v G D{Hj^^v°) and 
i e D{{H^,Js,iJo)^D{rH^„iJo), that X = {co^^^* id)[G*{l a®/3 R^°'^° {v))W] is such that 

N° 

X* belongs to ©(A^'^) and that : 



Using again the closednes of A^'^, we get that this resuh remains true for any rj such that 
R^" (r/)^ belongs to n OT^ (i.e., using 5.7, if r] belongs to V{AK^)). □ 

5.10. Theorem. The operator-valued weight T[ is left-invariant. 

Proof. Let rj in $°) 1"!^^); let {vi)i^i a z/°) orthogonal basis of H, and ,^ in 

D{{H^Js,%) n D{rH^^,i)Q)] let us write : 



N° 



We then get : 



uSd*^p){Tp{e^'''\r^,r^))) = ^p{uj^*td)[G{l^®,e^"^''\Tl,Tl))G*] 

N° 

is equal to : 

which can be written, using 5.9 : 

5^$p(x.x;) = 5^||A2'^(x;)||2 

i i 

= V IIK,, * td)[iJ^®, .J)G{J^, r®s J)]A2'i(i?^°'*°(r/))f 

= y gf^a {(^^,v, * id)[{J a®b J)G{J^, r®s J)] A^'^ (r^) ) || 

' ^ ' \Tn Ann 



2 



= ||e.®,A2'^(/2'^°'*°(r/))|| 

from which we get that {id* ^p)(rp{6'^°''^°{ri,ri))) = T[{6^°''^°{ri,ri)). As any element in 
njt^_ can be approximated by below by finite sums of operators of the form ^'^°'*°(?7, 77)), 
we get the result. □ 
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5.11. Theorem. With the notations of 5.1 and 5.7, we have : 

(i) (y4°, P, r, s, Fp, T/', Rp o Tf o ^/jq) a measured quantum groupoid. We shall de- 
note this measured quantum groupoid by &i{A,b, a, (I),iPq) , or simply by C5i(a). Following 

[DCl], its dual (Si(a) will be called the reflected measured quantum groupoid of& throught 
the Galois system (A, 6, o, 0, V'o); or simply, throught a. 

(a) {N, Q, 5, /3, Tq, , Rq o o t/^q © i/) is a measured quantum groupoid. We shall 
denote this measured quantum groupoid by C52(^, ci, 0, ^/'o); or simply by C52(a). 

Proof. By 5.4(iii), we know that {A°, P,r, s,T p) is a Hopf-bimodule, and, by 5.10, that 
T[ is left-invariant. Using again 5.4(iii), we get that RpoT[ o Rp is right-invariant. The 
only result needed is that the modular automorphism groups a'^p and a'^p°^p commute. 
By definition, we have, for all A E P, we have, using 5.5 (i): 



P A J,l,, S A J,l,i Ajj,, 6 A J,!,, Pa 



'{A) = A^AA^ 

'^A'^ipi^A'^ipi^'^ipi'^A "^^i-^A 

and, using 5.5(i) and 4.8(v) and (vi) : 



= Rpoa^J^oRp{A) 

— Jtpi^A J'tpi-^Jipi^A'-^'^i 

T ]D—is J s:—is /i ris t pis j 

— "^Vi A '^i'l^A ■^'^A'^i^i-'-A'^i'i 
= Pa''5-a''A5^PX 

and, as P4 J^^^^J^^ commutes with P^^^S^'^ , we obtain the result, and we finish the 
proof of (i). 

We had obtained in 5.4(i), that (iV, Q, 5, /3, F^^) is a Hopf-bimodule; using 5.10 and the 

definition of (5.7), we get that is left-invariant; using 5.4(ii), we get that RqoT^ o 
Rq is right-invariant. The calculation made in (i) proves as well that the automorphism 
groups a'^Q and a'^Q°^Q commute, which finish the proof. □ 

5.12. Theorem. Let & a measured quantum groupoid, and {A, b, a, 0, ipo) a Galois system 
for (3; let us denote {N ,Q,a, P,rQ,T^ , RqT^ RQjtpo © u) the dual measured quantum 

groupoid &2{ci)- This measured quantum groupoid will be denoted the linking measured 

quantum groupoid between & and the reflected measured quantum groupoid &i{a). We 
shall consider that the von Neumann algebra Q acts on Hi^^ = © iJ^^ © iJ^^ © H. 
Then : _ _ 

(i) a{ei), 5(62), l3{ei), l3{e2)^belong to Z{Q). 

(li) we have pu^^ = a(ei)/3(ei); p^^^ = a(ei)^(e2); p^^^ = a{e2)P{ei), and pn = 
a(e2)/3(e2); all these projections belong to Z{Q). 

(Hi) we have Qp^ = P, Q 1,2 = A, Q 2,1 = JAJ, and Qp^ = M. Therefore, we have 

Q = P®A®A°®M. 

(iv) if X E P , y E M, z E A, we have : 

Tpix) = Toix] 



a(ei)/3(ei)^®a5(ei)/3(ei) 



r(y) = ^Q{y)a 



(e2)/3(e2)^iX)aa(e2)/3(e2) 
iV 
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a(ei)/3(e2)^®ao(e2)/3(e2) 



(v) let R (resp. Rp, resp. Rq) be the co-inverse of (5 (resp. of the reflected measured 
quantum groupoid, resp. of the linking measured quantum groupoid); let Tt, rf, he 
the scaling groups of these measured quantum groupoids, 7^, 'yf , 'y^ be the automorphism 
groups on the basis of these measured quantum groupoids, as defined in 2.2 or [EO], 3.8(i), 
(a) and (v); we have, for any x E P , y E M , Zi, Z2 in A, n E N, u E A° : 

Rq{x ®zi(Bz2®y) = Rp{x) ®Z2®z°® R{y) 

r,'3(x © © z° (By) = rfix) © A^>iA/ © (A^^2A/)° © niy) 
7«(u©n) =7f(n)©7t(n) 

Proof. As 5(ei) = /3(ei) (5.1), we get that 5(ei) belongs to Z{Q); so 5(e2) = 1 — 5(ei) 
belongs also to Z{Q), and, as /3(ei) = Rqia^ei)) and /3(e2) = RQ{a{e2)), we get (i). 
We have seen in 5.7 that 7r$_(5(ei) = Ph^^ shall consider that Q is acting 

on we shall now skip the representation vr$_). Using now the formula obtained for 

Jq, we obtain : 

a(ei) =Ph^^ 

0(62) =V'h\ +Ph 
/3(ei) =Ph^^ +Ph\ 

h&2)= PhI^ + Ph 

from which we get (ii). 

Let Wq be the canonical pseudo-multiplicative unitary associated to 02(^, d, $, ^/'o); 
then, Q is the weak closure of the linear set generated by all operators of the form {u^^y * 
id){W*^), for all v e D{aH^^,u ® ^0) n D{{H^^).,u (B tpo), and w e D{{H^^).,u ® ^po). 

Using now [En], 3.10 (ii), we get that, for A in m,s,^, ^ e D{^H^^,$'), 77 e D{^H^^,'^') fl 

D(Ay^) and m G : 

PHi,^ {'^w,v * id){W^)pH^^Kii,^ 
is, using 5.4(i) and (iii), equal to : 

N 

= i^PH^,^w,p„^^v * id){Wp)A^^{A) 

from which we get that Qp^ = P. The proof for Qp^ is similar. 
The same way, we get that : 

is equal, using 5.8(iv) to (cu ^1,2 ^ * id){G*)C,, and, therefore, using 4.2(iv), we get 
that A is the the weak closure of the linear set generated by all elements of the form 
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{ijJw,v * '^d){W^p^^^ . For Qp^i , the proof is the same, using 5.9, which finishes the 
proof of (iii). 

The same calculations prove that the restriction of {pu^^ R®a'PH^S)W%.{.{'PH,s,^ a^iVn^S) 

P _ PV PP P 

N fjo 

to r®s -f^*- is equal to W^, that the restriction of {pu a®a Ph)WUph Ph) to 

iV 7V° 

i7 H is equal to W, and that the restriction of (p\f 5®q, )W^^(Pf/ a®6 Pi)^ ) 
to if Q,(g>fe -ff^i is equal to G*. Then the result (iv) comes from ([E5], 3.6(ii)) applied to 

5T(a) and 0, and 3.8(iv). 

For any X e Q, we have Rq{X) = J^.X*J^. ([E5], 3.10(v)), and t';^{X) = A|^XA;i* 

Q Q Q Q 

([E5], 3.10 (vii)). So, the result about i?Q (resp. r^) is then given by the formula about 
(resp. A$_) obtained in 5.7. Let's look at the automorphism group •y^; we have, 
using 5.1 and 5.7 : 



= af'5(s(M)©/3(n)) 
= .(7f(n))©/3(7iH) 

= /3(7f(u)©7t(n)) 



from which we get 'j^{u © n) = 7^ (m)) © "Jtin), and, using [E5]3.10 (vii), 7^(m © n) = 
7f(M)©7t(ri). □ 



5.13. Proposition. Lei (3 be a measured quantum groupoid, and {A,b,a,(f),tlJo) be a Ga- 
lois system for let A G A be a unital inclusion of von Neumann algebras, and {b, a) 
be an action of (3 on A; let us suppose that A°- = A'^, and that clia = a; then A = A. 



Proof. As the restriction of Tj to A is equal to Tq, we get clearly that a is integrable. Let 
now ipo be a normal faithful semi-finite weight on A°, and ipi = ipo ° Ta, ipi = ipo ° Ta] 
clearly, we get that theses two weights are normal faithful semi-finite, and that ipi is 
equal to the restriction of ipi to A; from which we get that there exists a normal faithful 
conditional expectation E from A onto A, such that = ijji o E, and a projection p in 
L{H^,J such that pA^^(x) = A^_^{Ex), for any x G ^^j; moreover, as i/^i is (5-relatively 
invariant and bears the density property (3.2), we get, using the implementation V^_^ of 
a recalled in 2.4, that, for any x G D^t^-^, ^ G D{c,H, v) and rj G D{aH, u) n T>((5^/^) such 
that belongs to D{Hj3, z/°), we get : 



A^^[{id b*a Ur,,i)a{x)] = {id*Usi/2^^i:){V^^)A^^{x) 
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from which we get that : 

= A r [{id i,*a ujrj,^)aiEx)] 

N 

= Ar[E{idb*aUJr,,^)a{Ex)] 

^ N 

= pAr [{id b*a ujri,^)a{Ex)] 

^ N 

= p{id*uJsi/2^^i:){V^JpA^^{x) 

from which we get {id * Usi/2^^^){V^_^)p = p{id * uJsi/2^^^){V^Jp. Using now 3.6 and 2.2, we 
get that p belongs to 7ra(l M')'. Turning back to the same calculation, we then get 

AT 

that : 

A^^[{id b*a u;.^,i)a{Ex)] = {id * ujsi/2^^^){V^JpA^^{x) 

= p{id * ujsi/2^,^){V^^)A^^{x) 
= pA7[{idb*a^^r,,^)a{x)] 

= Ar [E{idb*a(^,i,^)a{x)] 

^ N 

from which we get that a o E = {E b*a id)a. Hence, E b*a id can be extended to a 

_N N 

faithful conditional expectation from A onto A 0, and we easily get that, for any 
X e A Xj (S, 7rn(_E' b*a id){X) = p7ia{X)p; as the action a is Galois by hypothesis, Ha is 

N 

faithful, and we then get that TTg is also faithful, and, therefore, that a is also Galois. Let 
Ga be its Galois unitary, as defined in 3.11. 

Moreover, if T is the normal faithful semi-finite operator-valued weight from A onto b{N) 
such that (p = i^o6~^ oT, we get that i?oT is a normal faithful semi- finite operator- valued 
weight from A onto b{N), which satisfies {E o% id)a = {E b*a id)a o % = a o o T, 

N N 

which gives that (p o E is invariant by a. For all t e M, using the notations of 3.11, we 
get that {Dcp o E : Dipi)t = {Dcf) : Dipijt = which proves that the modular 

automorphism groups of (p o E and ipi commute, and, therefore, we have obtained that 
{A, b,a,(f)o E, tpo) is a Galois system for 0. 

So, using 5.11, we get that p E P, where {A'^, P,r, s,Tp,T[ , Rp o T[ o Rp^ipo) is the 
measured quantum groupoid 0i(y4, 6, a, </> o E,iPq)] more precisely, using the definition 
of p, we get that p e r(A")' fl b{Ny, and that J^^pJ^^ = p, which gives (5.4(iii)) that 
^p{p) = and, therefore, that p G s{A^)'] using now the definition of Ga given in 
3.8, we get that Ga{p s^r p) = {p b^a 1)^5, which gives then, using again 5.4(iii), that 

A° N 

^p{p) = P s®r P < 1 s®r P- Applying now the faithful operator valued weight id s*r T[ 

A" A" A° 

to the positive operator 1 P — ^p{p), we obtain that Tp{p) = 1 P, and, therefore, 

A° A" 

that p P = ^ s^r P, and p = 1', from which we infer the result. □ 

A" A" 

6. MORITA EQUIVALENCE FOR MEASURED QUANTUM GROUPOIDS 

In that chapter, we begin (6.1 and 6.2) by the converse result of 5.11; starting from 
a measured quantum groupoid with a basis of the form Ni (B N2, we see under which 
conditions it is a linking measured quantum groupoid between a measured quantum 

56 



groupoid ©1 (with basis A^i) and a measured quantum groupoid ©2 (with basis A^2)- 
This leads to some technical additional results about the reflected groupoid of a measured 
quantum groupoid & throught some Galois system (6.3 and 6.4). Then, we can deflne 
Morita equivalence of measured quantum groupoids (6.5), prove it is indeed an equivalence 
relation (6.7), and give a complete link between Morita equivalence and Galois systems 
(6.10). We flnish this chapter by giving some examples of Morita equivalences between 
locally compact quantum groups and measured quantum groupoids (6.12). 

6.1. Proposition. Let (Si 2 be a measured quantum groupoid with a basis which is a sum 
Ni © N2, we shall denote {Ni © N2, M, a, (3, T, T, RTR, z/i © 1^2), with a co-inverse R; we 
shall identify Hu^^^iy^ with Hy^ © Hy^; let us denore by ci the unit of Ni, considered as 
a projection in Ni © N2, and 62 = 1 — ei. Let us suppose that a(ei) belongs to Z{M); 
let us denote at (resp. (3i) the restriction of a (resp. (5) to Ni [i = 1,2). Let us write 
$ = (z^i © 1^2) ° ° T, and H = Let us write Mij = Ma{ei)i3(ej)- Let M be the 

underlying von Neumann algebra of the dual measured quantum groupoid 65i,2- Then, we 
have : 

(i) the projections a (62) , (3 (ei) and (3 (62) belong to Z (M) . Moreover, the projection a (ci) 
belongs to Z{M) if and only if a{ei)f3{e2) = 0. 

(a) if rj belongs to D{aH,h'i © 1^2), then a{ei)rj belongs to D{a^H,Ui) {i = 1,2), and : 

R^'^^'^^^iT]) = i?"i'^i(a(ei)r/) ©/?°2''^2(a(e2)r/) 
and, for rji, 772 in D{aH, u) : 

< VuV2 >a,u^(Bu2=< a(ei)r/i,a(ei)r/2 >°a,,u, ei+ < a(e2)r/i, 0(62)7/2 >a2,u2 ^2 



(Hi) the application which sends (for t] G D{aH, Vi © V2) o-nd ^ in H) the vector ^ /^©q, rj 
on (/3(ei)^ /3i©ai a;(ei)?7) © (/3(e2)^ /32®a2 (^{.^2)^) extends to an isometry, which leads to 

Ul 1/2 

the identification of H ^©q, H with : 

{l3{ei)H p^®ai a{ei)H) © {P{e2)H fs,^^^ a{e2)H) 

and, for all {i,j) = 1,2, we have : 

T{a{ei)l3{ej)) = [a(ei)/3(ei) /3,©c.i a{ei)(3{ej)] © [a{ei)(3{e2) ^2^0,2 «(e2)/3(ej)] 

Afi N2 

and R{Ma{ei)P{ej)) = Ma{ej)l3{ei). 

(Hi) for {i,j) = 1,2, let us write Mij = Ma[ei)i3{ej)i we can define *- anti-isomorphisms 
Rij from Mij onto Mj^i by writing Rij{xa(e,)(3{ej)) = R{x)a{ej)p{ei)- So, we get that Mj^i is 
isomorphic to M° -; using (i), we get that M12 7^ {0} if and only if a{ei) does not belong 

to Z{&i^2)- Moreover, we can define, for all x & M : 

ri,j(a^a(ei)^(ej)) = r(x)Q,(e.)/3(e2)^2'8«2"('=2)^(ei) 

N2 

which satisfies, for k = 1,2, for any Ui ^ Ni, and Uj G A'^- : 

Tlj{ai{ni)) = aiirii) /3,©„, 1 
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rt-(/5.K-)) = iA®"./5j-K) 



and r'lj are normal injective *-homomorphisms from Mij into Mi^k i3k*ak ^kj- These 



homomorphisms satisfy : 



Ni 



r^)ri 



3 



and, therefore, {Ni,Mi i,ai,(3i,rij) is a Hopf-bimodule, with Ri^i as a co-inverse, and, if 

a{ei) does not belong to Z{(3i^2), iPj^^ij) is an action of {Nj, Mjj,aj, Pj,r-'j ,j) on Mij, 
and (aj,r*j) is a left-action of {Ni, Mi^i, at, (3i,Tl^^) on Mij. Moreover, these two actions 
commute. 

Proof. As a(e2) = 1 — «(ei), /3(ei) = R{a{ei)), /3(e2) = -R(«(e2)), the beginning of (i) is 
clear. If a(ei) belongs to ^(211^2)5 we have a(ei) = /3(ei), and, therefore, a(ei)/3(e2) = 
0. Conversely, if a{ei)/3{e2) = 0, we have a(ei) < /3(ei), and a{ei) = a(ei)/3(ei). 
Applying R, we get f3{ei) = a{ei)(3{ei), and therefore a(ei) = /3(ei), from which we get 
that a(ei) belongs to 2), which finishes the proof of (i). Result (ii) and (iii) are 

straightforward. □ 

6.2. Proposition. Let's use the notations of 6.1; then : 

(i) let us remark that, for any {i,j) = 1,2, we have T{Ma{ei)P{ej)) = a{Ni), and 
RTR{Ma{ei)P{ej)) = P{Nj); this leads to define normal semi-finite faithful operator 
valued weights Tij from Mij onto ai{Ni), and T^j = Rj^iTj^iRij from Mij onto Pj{Nj). 
Moreover, the left-invariance of T (resp. the right-invariance of RTR) gives then the 
following formulae, for any Xij G M^- : 



{id /3i*ai Ti,i)r} 

N2 

{^2,2 132*0.2 ^d)Tl 2{x2,2 

N2 

{id ^2*02 T2,2)Tl^2i^l,2 

N2 

(^1,2 I32*02 id)Tl 2{Xl,2 
N2 

{id p^*ai Ti^l)'^] i(x2,l 



-- (2^1,1) 

T2,2(X2,2) 
^2,2 (3^2,2) 
Tl,2(Xl,2) 
^l',2(2;i,2) 
T2,l(x2,l) 
^2,1 (3^2,1) 



(^2,1 |Sl*a^ id)Tl^^{x2,l] 

from which we get thatTi i (resp. T[ ^) is left-invariant (resp. right-invariant) with respect 

to that T2^2 (resp. T22) is left-invariant (resp. right-invariant) with respect to T22! 
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and that (if a{ei) does not belong to Z[<3i^2)) both actions ^'^^ are integrable 
and have invariant weights, 
(a) let us define : 

$1 = i^;^ o a^^ o Ti^i 
^1 = o /3^' o 

$2 = o a^^ O T2,2 

\1>2 = 1/2 O /32"^ O T2 2 
^1,2 = l^lO ttj"^ O Ti,2 
01,2 = O /32'^ ° ^l',2 

^^2,1 = 1^2 o O ^'2,1 

02,1 = l^lO /3f ^ O Ta^i 

The fact that vi © V2 is relatively invariant leads to the commutation of a"^^ and cr*^, of 
cr*2 anda"^^, of a'f'^'^ and a'^^-\ and of a"^^-^ and a't"'-\ 

(ill) 01 = (iVi, Mi,i, ai, Fj 1, Ti,i, 1, i^i) anc? 02 = M2,2, ^2, /32, F2,2, ^2,2, T2'^2, ^2) 
are two measured quantum groupoids. Moreover, Ri^i is the co-inverse of&i. 

(iv) if a(ei) G ^(©1^2); then (Si,2 = (Si © ©2/ ^/ (iocs not belong to Z{(3i^2), 

then (Ml 2, /32, F^ 2, 01,2; '^i) a Galois system for (^2 (and (Si the measured quantum 
groupoid reflected from &2 throught this Galois system), and (M2,i, /3i, Fj 1, 02,i, ^'2) is 
a Galois system for (5i (and &2 is the measured quantum groupoid reflected from (3i 
throught this Galois system). Moreover, the left action (ai,Fj2) of (3i on Mi^2 leads 
(2.4) to an action (tti,^jviri2) of &i on M^2j which, by the identification of M2^\ with 
Ml 2 made in 6.1(iii), is equal to {l3i,V\^)°. 

Proof. Results (i), (ii), (iii) are straightforward. If a(ei) G Z(0i 2), then Mi 2 = M2,i = 
{0}, and we get that 0i 2 = (Si © 02 (in the sense of 2.3(v)). Otherwise, we had got in 
(i) that (/32,Fi2) is an integrable action of 02 on Mi^2, with an invariant normal faithful 

semi-finite weight 0i^2; moreover, the invariant algebra Mi 2^ is ai(A'^i), and the modular 
automorphism group of the lifted weight il)i^2 commutes with the modular automorphism 
group 01^2, which gives that vi is Fi 2-relatively invariant, in the sense of 3.11. Therefore, 
to get that (Ml 2, /325 ri.2' 01,2) '^i) is a Galois system for 02, we have only to prove that 
the Galois homomorphism 7rp2^ is faithful, or, equivalently (3.9(iv)), that the isometry G 

constructed in 3.8 from Fi 2 is surjective. As Ff 2 is "part of " F, we get, using 3.12(ii) 
that <^G is the restriction and co-restriction of 

(a(ei)/3(e2) ^©a a(e2)/3(e2))PF*(a(ei)/3(e2) „©/3 a(e2)/3(e2)) 

which is a unitary. The proof for (/3i, Fg 1) is identical. □ 

6.3. Theorem. Let & be a measured quantum groupoid, {A,b,a,(j),ipo) ^ Galois system 
for 0, and 0i be the measured quantum groupoid reflected from throught {A, b, o, 0, -^o); 
let's use the notations of 5.12; then, for z & A, let us write : 

^{^) = rQ(2;)5(ej)^(ei)-^-5(ei)/3(e2) 

JV 

Then, b{z) belongs to P s*r A, with s{x) = J$_r(x)*J$_ for all x G , and (r, b) is a 

A" p p 

left action o/0i on A, with A^ = b{N); the left action (r, b) commutes with a, and leads 
to a Galois sytem for 0i. 
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Proof. Let us denote {N, Q, a, ^, Tq, , RqT^Rq, ipo®^) the linking measured quantum 
groupoid between <S and <3i, as in 5.12. Then, the result comes from 6.2(iv). □ 

6.4. Theorem. Let & be a measured quantum groupoid, {A, b, o, 0, ipo) a Galois system 
for &, and 0i be the measured quantum groupoid reflected from & throught {A, b, a, 0, -^o), 
and 02 the linking measured groupoid between and we have, for x G P"*", y G , 
Z\, Z2 in yl+ : 

(i) T'^{x®Zi®Z2®y) = (TL{x) + roTa{zi))Q)(TL{y) + aob~^%{z2)) , where % is the normal 
semi-finite faithful operator-valued weight from A onto b{N) defined by (p = u o b^^ o T. 

(ii) dQ = Sp®SA® [Sa^T © 5 
(Hi) \p = \a = r{b o l3-\\)) 

Proof. Using 6.2(i) to the measured quantum groupoid ©2, we see that the application 
X I—)- T^{x) is a left-invariant weight on (P, Tp); moreover, using 5.12(v), we get that, for 
all t G M, we have r^^p = rf and {'J^)\a" = 7/^; therefore, we can use Lesieur's theorem 
([L], 5.21), and we get that there exists a non-singular positive operator h affiliated to 
such that, for all x G P^, we have T^{x) = T[{r{h)x). And, therefore, we have 
then ^q{x) = $p(r(/i)x); but using now the link between and Wp found in 5.12, we 

get, using [E5], 3.10(v), that, for an operator of the form x = {u * id)(Wp), with u G /$p 
(with the notations of [KO], 3.10 (v)), we have $q(x*x) = $p(x*x), from which we infer 
that h = l, and Tf (x) = T[{x), for all x G P+. 

The fact that T^{y) = T^iy), for all y G M"*", is proved by similar arguments. 
Using now 5.12(iv) and 6.2(i), we get that T^{zi) = Ta{zi); we have obtained that 
= $p(x), $Q(y) = $(|/), $q(2i) = ^1(2:1), and using 5.12(v), that $q o Rq{x) = 
<^P o Rp{x), $Q o RQ{y) = $ o R{y), $q o Rq{z2) = Mz2)- 

Let's look now at the operator Pq which is the canonical implementation of t^; using the 
results obtained for $q and for rj^ (6.2(v)), we easily get that {Pq)h,i,^ = Pp, {.Pq)h.s> — P^ 

and, using 4.8(v), that (Pq) rri,2 = Pa- With same arguments, we get that {Xq)h^^ = Ap, 

^1 p 

{Xq)h^ = A and {Xq)jj1,2 = Xa. But using now [E5], 3.10 (vii), and the result about 
obtained in 5.7, we get that {Sq)h^^ = Sp, {Sq)h^ = S and, using 5.5(i), that 

(5q)^1,2 = 5a- 

So, we get, for all t G M, using 3.11 : 

(D($Q o Pq)|^ : Di^Q)^A)t = Af = {D^ : Di;,\ 

from we we infer that $q o Rq[zi) = 4>{zi), for all positive zi in A; so, we have $q(22) — 
0(2:2) for all positive Z2 in A, from which we finish the proof of (i). 
Now we have : 

{Di<^Q o rq)\ao - Di<i>Q)\Ao)t = m" ■■ Dri)t = iiXArf^'iiSArr' 

from which we get (ii). Finally, there is p G Z{N) such that A = a{p) = P{p), and 
u G Z(^A^^ such that Ap = r[u) = s{u)] on the other hand, there are q G Z{N) and 
V G Z{A^) such that Ag = r{v) © a{q) = s{v) © /3(g). From all our calculations above, 
we infer that q = p, v = u, Xa = r{v) and A^ = a(p); from which we get (iii). □ 

6.5. Definition. For i = 1,2, let 0j = (A^'j, Mj, Oj, Tj, T/, i/j) be a measured quantum 
groupoid. we shall say that C5i is Morita equivalent to 02 if there exists a von Neumann 
algebra A, a Galois action (6, a) of 0i on A, a Galois left-action (a, b) of 02 on A, such 
that : 
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(i) A° = a{N2), A'^ = b{Ni), and the actions {b, a) and (a, b) commute; 

(ii) the modular automorphisms groups of the normal semi-finite faithful weights i^i o 
b~^ o T[, and 1^2 o o commute. 

Then A (or, more precisely, {A,b,a,a,b)) will be called the imprimitivity bi-comodule 
for (Si and 62- 

6.6. Remark. Then, using 3.3, we get that the system [A, b, a, vi o b^^ o T(,, V2 ° cl~^) is 
Galois for &i and that the system [A, a, b, 1^2 o o T^, ui o is left-Galois for &2- 
Therefore, we can construct, following 5.12, the refiected measured quantum groupoid &2 
of (Si throught the Galois system {A, b, a, z/iofe~^oTf,, z/2oa~^), and the refiected measured 
quantum groupoid 0i of 02 throught the left-Galois system {A, a, b, i/2°a~^oTa, uiob'^), 
and, using 6.3, an action ai of &i on A, and a left-action of 02 on A; let us first remark 
that the basis of 02 is A"- = a{N2) and is therefore isomorphic to N2 which is the basis 
of 02. Similarly, the 0i and 0i has the same basis. 

As the action ai is Galois, the homomophism vrn^ is an isomorphism from the crossed 
product A XI 5 01 onto the algebra A2 constructed by basic construction made from the 
inclusion A" C A; as A" = a{N2) = A", we get that A2 is equal to the algebra s{A°y 
constructed by basic construction made from the inclusion A"- C A, which is isomorphic, 
via vr"^, to A xi^ 0i; therefore, there exists an isomorphism Ji from A 0i onto A Xj 
01 such that Ji o a = a; similarly, there exists an isomorphism J2 from A Xf, 02 onto 
A x^ 02 such that J2 ° b = b; using all these remarks, we easily get that {A,b, a, a, b) 
is an imprimitivity bi-comodule between 0i and 02; we can prove also that if A is an 
imprimitivity bi-comodule for 0i and 02, it is also an imprimitivity bi-comodule for 0i 
and 02. 

6.7. Theorem. Morita equivalence is indeed an equivalence relation 

Proof. Using the Galois system (M, /3,r, $ o i?, i^)(3.12(ii)), we get the left-Galois sys- 
tem (M, a, r, $, z/), and that is Morita equivalent to 0, with M as imprimitivity 
bi-comodule; so, Morita equivalence is indeed refiexive. 

If 01 is Morita equivalent to 02, with A as imprimitivity co-bimodule, we get, using 
3.11, that (6°,(TAra°) and (a°, ((T7vb)°) make 02 be Morita equivalent to 0i, with A° as 
imprimitivity co-bimodule; so, Morita equivalence is indeed symmetric. 
Let us suppose now that 0i, 02, 03 are three measured quantum groupoids, and that 
(y4i, 61, ai, ai, bi) is an imprimitivity bi-comodule for 0i and 02, and that {A2, ^2, CI25 0.2, b2) 
is an imprimitivity bi-comodule for 02 and 03. Using 6.11, we know there exists an ac- 
tion (61, di) of the refiected measured quantum groupoid 0i of 02 throught the Galois 
system (Ai, oi, bi, 1^2 ° ° ° ^r^) such that (Ai, 61, ai, ai, bi) is an imprimitivity 
bi-comodule between 0i and 02; similarly, we shall consider (A2, 62, CI2, 02, b2) which is 
an imprimitivity bi-comodule between 02 and the refiected measured quantum groupoid 
03 of 02 throught the left Galois system {A2, 02, b2, z^s o 0.2^ o T^, z/2 o 62 

Let ^3 = {X G A2 62*02 ^1; {idb^*a2 ^i)(^) = (^12 62*12 It is straightforward to 

N2 N2 N2 

check that a2(A''3) b2*a2 1 C v43 and 1 ^2*02 bi{Ni) C ^3, and that : 

N2 N2 

(i) (1 62*02 bi, {idb2*a2 ^i)\A-j, is an action of 0i on A^,, we shall denote (63, 03) for simpli- 

N2 N2 
fication. 

(ii) (02 62*02 1; (^"2 62*02 id)\A^) is a left action of 03 on ^3, we shall denote (03, b3) for 

N2 N2 
simplification. 
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(iii) we have = a3(A^3), and = b3(Ni), and the actions 03 and 63 commute. 
To prove that we get an imprimitivity system, we shall make a detour. 
So, let us consider a Galois system for 02, with &i as reflected measured quantum 
groupoid, and another Galois system for (52, with ^3 as reflected measured quantum 
groupoid. Let us consider now, as in 5.1, the representation /xi of M2 on Hi and the 
representation fi^ of M2 on H^, and the representation w of M2 on H^® H2® Hi given 
by f^3®id(B /ii, and Q = w{M')'] using again matrix notations for elements in Q, we get 
that : 



Q 



Qh M2 Qi,2 
\Qh QU Ml J 



where, for instance : 

Qi,3 = {Xe J:{Hi,H3),Xfii{m) = fis{m)X,^m e M2} 

We have clearly Q2,zQi,2 C Qi,z] using again an orthogonal basis as in the proof of 
5.4(i), we get that the linear set generated by the products in Q2,zQi,2 is weakly dense 
in Qi,3. But, as in 5.2, we can construct a coproduct from Q12 into Qi^2 0^*ai Qi,2 

and a coproduct from Q2,3 02*°'2 Q 2,3,1 and, by product, we obtain therefore a coproduct 

from Qi 3 into Qi^^ pi*ai Qi,3, then, as in 5.4, a coproduct for Q. The proof that Q 

Ni 

bears a structure of measured quantum groupoid is completely similar to 5.8, 5.9 and 
5.10. So, as in 5.12, we can look at the dual measured quantum groupoid, which will be 
on the basis Ni (B N2 (B N^; let us denote ag and Pq the canonical homomorphism and 
antihomomorphism from A'^i©A'^2©^3 into Q; as in 5.12, we can prove that aqici) G Z{Q) 
and l3Q{ei) e Z{Q), where, for {i = 1, 2, 3), e, is the unit of Ni, considered as a projection 
in Ni (B N2 ® N3. Then, it is easy to get that the reduced algebra on Hi © H^ bears a 
structure of measured quantum groupoid, over the basis Ni © N3. As Q13 7^ {0}, we 
can use 6.2(iv), and we get the existence of a Galois system for ^3, with (5i as reflected 
measured quantum groupoid, which means that ©3 is Morita equivalent to C5i (and, by 
the reflexivity, that ©i is Morita equivalent to ©3); using them arguments analoguous 
to 6.11, we get that C5i is Morita equivalent to ©3, which proves the transitivity. To get 
the imprimitivity bi-comodule, we must look at the dual Q = (Bij=iQi,j, which bears a 
coproduct Tq, which can be split into maps (XQ)ij '■ Qij ^ Qi,k * Qkj- 
We know that Qi^i = Mi, Q2,2 = M2, (^3,3 = M3, (52,1 = ^1, Q3,2 = A2, and we are 
looking for Qg^i. We know also that {Tq)\^^ = fi, {Tq)1.^ = T2, {Tq)^^ = f^, {Tq)] -^ = di, 

(^q)!,! = bi, (rQ)32 = 02, (rQ)32 = ^'2- 

So, (rg)!^ sends Qs^i into A2 * Ai, and it is easy, with the co-associativity condition of 
Tq, to get that (Fg)!^ sends Qs,! into ^3, and that (Xq)Ii sends the action (rQ)3 on 

idb2*a2 ^1 and the left action {Tq)1 i on b2 b2*a2 id; using then 5.13, we get that A3 is the 

N2 ' N2 

image of (rQ)3 ^, which allow us to identify Q31 with ^3, (rQ)3 ^ with 03, and (Xq)1 ^ with 

63. By these identifications, we prove that {A3, 03, 63) is an imprimitivity bi-comodule 
between (3i and ^3. By similar arguments to 6.11, we get an imprimitivity bi-comodule 
between (3i and ©3. □ 
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6.8. Notations. Let &i, &2, ©3 be three measured quantum groupoids; let us suppose 
that ©1 is Morita equivalent to (^2, with {Ai, ai, bi) (or Ai for simplification) as imprim- 
itivity bi-comodule and that &2 is Morita equivalent to (S3 with {A2, 02, 62) (or simply 
A2) as imprimitivity co-bimodule; we have proved in 6.7 that C5i is Morita equivalent to 
&3, with (^3, 03, bs) as imprimitivity co-bimodule, with : 

A3 = {X e A2 b2*a2 {'i'db2*a2 = (a2 b2*a2 '>'d){X)} 

N2 N2 N2 

and 03 = {idb2*a2 0-i)\Aa, i>s = (62 b2*a2 l)|yi3- 

N2 N2 
We shall write {A^, 03, 63) = (/I2, 02, b2) o (Ai, ai, bi), or, simply A3 = A2 o Ai; we can 
check that this product is associative, and that, if we write Mi for the imprimitivity 
bi-comodule (Mi,ri,ri) between &i and itself, we easily get that Ai o Mi = Ai and 
M2 o Ai = Ai. 

6.9. Proposition. Let (Si, (32 be measured quantum groupoids; let us use the nota- 
tions of 6. 8; 

(i) let us suppose that &i is Morita equivalent to (62 with an imprimitivity co-bimodule 
A; then, we have A" o A = Mi. 

(a) let us suppose that (& is Morita equivalent to C5 with an imprimitivity co-bimodule A; 
then A = M. 

(Hi) let us suppose that 0i is Morita equivalent to &2 with an imprimitivity co-bimodule 
Ai, and with another imprimitivity co-bimodule A2; then Ai = A2. 

(iv) let us suppose that (&i is Morita equivalent to ©2 with an imprimitivity bi-comodule 
(A, a, b); then 02 is the reflected measured quantum groupoid of &i throught the Galois 
system {A, b, a, ui o o T^,, 1^2 o a~^). 

Proof. Let us use the Galois system [A, b, a, I'l o o Tj,, 1^2 ° a"^)? and apply the con- 
structions and results of 5.11 applied to this Galois system; for any y e Mi, the operator 
rQ(l/)a(e2)/3(ei),®aa(ei)^{e2) belougs to A° ao*a2 A and, more precisely, using the coassocia- 

N N2 

tivity of the coproduct Fg, we can check it belongs to the subagebra A° o A] we define 
this way an injective morphism from Mi into A° o A, which sends Fi on the action (and 
on the left-action) canonically defined on A° o A; therefore, using 5.13, we get (i). 
Let us now use the Galois system (A, 6, o, z/o6~^ oTf,, uoa~^), and apply the constructions 
and results of 5.11 to this Galois system; for x ^ A, the operator FQ(x)-(g2^^(-g^-)_^, -^g^-j^^g^^ 

JV 

belongs to A° o A, and, therefore, using (i), to M; we define this way an injective mor- 
phism from A into M, which sends a on F; using again 5.13, we get (ii). 
As ^2 o Ai is an imprimitivity bi-comodule for a Morita equivalence between (3i and ©i, 
we get, using (ii), that A20 Ai = Mi, therefore, we have, using (i) : 

Ai = M20 Ai = A20 A?,o Ai = A20 Ml = A2 

which is (iii). 

Let 02 be the reflected measured quantum groupoid of (Si throught the Galois system 
{A, b, a, vi o b~^ o Tb, z/2 o a~^); there exists a left-action b of 62 on A, and A = {A, a, b) 
is an imprimitivity bi-comodule which makes (3i and ©2; therefore, using 6.8, we get 
that A o A° (whose underlying von Neumann algebra is M2 by (i), and that we shall 
denote by P) is an imprimitivity bi-comodule between ©2 and (S2; we then get, using 
again (i), that P° o P = M2 and PoP° = M2, which leads, using 5.11, to define injective 
morphisms M2 ^-)■ M2 and M2 ^-)■ M2 as parts of the coproduct of the same measured 
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quantum groupoid. Using then the co-associativity of this coproduct, we get that these 
apphcations are each other's inverse, which leads to the isomorphism of M2 and M2, 
which is (iv). □ 

6.10. Theorem. Let 0j = {Ni, Mi^ai^ Pi^Ti^Ti^Tl^Vi) (i = 1,2) be two measured quan- 
tum groupoids; then, are equivalent : 

(i) &i and (S2 ore Morita equivalent, with a imprimitivity bi-comodule {A,a,b); 
(a) there exists a Galois system {A,b,a,(f),ipo) for (3i, such that ©2 is the reflected mea- 
sured groupoid 0/ C5i throught this Galois system; 

(Hi) there exists a measured quantum groupoid (Si,2 = (A''i © A''2, M, a, f3, T, T, T', ui © z/2) 
such that a{ei) belongs to Z{M), and does not belong to Z{M), where ci is the unit of 
Ni, considered as a projection in Ni © N2, and (251,2)0(61) = ®i' (®i,2)a(i-ei) = 

Proof. The result (i) implies (ii) by 6.9(iv); the result (ii) implies (i) was obtained in 6.3; 
the result (ii) implies (iii) is given by 5.11(ii), and 6.1 gives that (iii) implies (ii). □ 

6.11. Remark. A morphism between an action (61, Oi) of on a von Neumann algebra 
Ai, and an action (62, 0.2) on a von Neumann algebra A2 will be a*-homomorphism h from 
Ai in A2, such that h o bi = 62, and {h bi*a id)ai = CI2; clearly this leads to a category 

N 

A{(5); it is easy to get that, if 0i and &2 are two measured quantum groupoids which 
are Morita equivalent, then these categories A{(5i) and ^(^2) are equivalent too. 

6.12. Examples of locally compact quantum groups Morita equivalent to mea- 
sured quantum groupoids. Here we are looking to examples of locally compact quan- 
tum groups which are Morita equivalent to measured quantum groupoids. 1 am indebted 
to S. Vaes who put my attention on this question. We first begin to give two construc- 
tions in which any locally compact quantum group is Morita equivalent to a measured 
quantum groupoid, whose basis is a given factor (6.12.2, 6.12.3). More convincing is 
K. De Commer's example (6.12.4, [DC4]) : he proves that the compact quantum SUq{2) 
is Morita equivalent to some measured quantum groupoid (whose basis is a finite sum of 
type I factors). 

6.12.1. Ampliation of a locally compact quantum group. If G= {M,T,ip,ip) is a locally 
compact quantum group, and is a von Neumann algebra, we shall call the mea- 
sured quantum groupoid (3{N) ® G the ampliation of G by A^, where (3{N) is the Ad- 
measured quantum groupoid defined in 2.3(viii) and the tensor product of measured quan- 
tum groupoids had been defined in 2.3 (ix). Morover, the measured quantum groupoid 

(3{N) ©G is, using also 2.3(viii) and (ix), another measured quantum groupoid, we shall 
call the dual ampliation of & by A^. 

6.12.2. Theorem. Let G= {M,r,ip,ip) be a locally compact quantum group, N a factor, 
(3{N) © G the ampliation of (3 by N, as defined in 6.12.1. Then, the locally compact 
quantum group G and the measured quantum groupoid & {N) ©G are Morita equivalent. 

Proof. Let us consider the von Neumann algebra A^ © M; then, {id © F) is an action of 
G on this algebra; we get that the invariant subalgebra is (A^ © M)'^*'^®'") = A^ © C, and 
that the crossed-product is N ® L{H^). Therefore, we get also that this action is Galois, 
and that Tj^^r = id® ^p. Let us chose a normal semi-finite faithful trace u on A^; we get 

Taking now on this algebra the restriction of the coproduct of (3{N) ©G, we obtain a left 
action b of (3{N) ©G on N® M, and we get that Tf, = v^ip. (Taking for r the canonical 
finite trace on C = Z{N), we get that the operator- valued weight Ty defined in 2.3(viii) 
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is z/). So, we then get that b is ergodic and Galois. Moreover, as the modular groups of ^ 
and commute, we get, by the definition (6.5) that the locally compact quantum group 
G and the measured quantum groupoid (S(A^) ® G are Morita equivalent, with N ® M 
as imprimitivity bi-comodule. □ 

6.12.3. Proposition. Let G= (M, F, y9, ip) he a locally compact quantum group, N a factor, 
<&{N) (g>G the dual ampliation of & by N, as defined in 6.12.1. Then, the locally compact 
quantum group G and the measured quantum groupoid 0(A^) ®G are Morita equivalent. 

Proof. The proof is very similar to 6.12.2. □ 

6.12.4. Another Example. In [DC2], [DCS], Kenny De Commer had studied Morita equiv- 
alences between the compact quantum group SUq{2) and various quantum groups, and, 
in [DC4], with a mesurable quantum groupoid. Indeed, he constructs an integrable Galois 
action of a SUq{2), which is not ergodic (the subalgebra of invariants is then a finite sum 
of type I factors), and, therefore, this construction leads to measured quantum groupoid 
(whose basis is that finite sum of factors), which is Morita equivalent to the initial com- 
pact quantum group. This construction is a particular case of 4.7. 

7. Application to deformation of a measured quantum groupoid by a 

2-COCYCLE 

In this section, we try to answer the problem of deformation of a measured quantum 
groupoid by a 2-cocycle. With this deformed coproduct constructed in 7.2, does this 
new Hopf-bimodule still has a left-invariant (and a right-invariant) Haar operator-valued 
weight, and therefore remains a measured quantum groupoid ? Following De Commer 's 
strategy, we are able to answer positively to this question for any 2-cocycle only in the 
case when the basis is a finite sum of factors (7.7(xii)). In the general case, we can 
obtain (7.9) sufficient conditions, which leads to positive answers in particular cases (7.11, 
7.12). 

7.1. Definition. Let {N, M,a, P,r) be a Hopf-bimodule, in the sense 2.2; a unitary Q 
in (M n a{Ny p*^ (M n I3{N)') is called a 2-cocycle for (A^, M, «, /3, F) if satisfies the 

N 

following relation : 

(1 ^){td p*a r)(fi) = (fi /3®„ 1)(F p*^ ld){n) 

N N N N 

If S is a measured qroupoid, equipped with a left Haar system and a quasi-invariant 
mesure on the set of units, and if is a 2-cocycle for the measured quantum groupoid 
0(S)(2.3(n)), then is just a measurable function from S^^^ to T, such that, for all 
(5(1,5(2) and (52,6-3) in S^^^ : 

^{92, 93)^(91, 9293) = ^{91,92)^(9192,93) 

Let = {N, M,a, f3,T,T,T',iy) be a measured quantum groupoid, and let ^2 be a 2- 
co cycle for 0; let us define, for any t G M : 

N 

n[ = {5'' 5'')n{5-'' p®^ r'*) = (af p*^ af°^a* )(fi) 

N N N 

One can easily check that f2j and VL[ are also 2-cocycles for 0. 
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7.2. Proposition. Let {N, M,a, P,r) be a Hopf-bimodule, and let Q be a 2-cocycle for 
{N, M, a, /3, r); let us write, for all x & M : 

Then, [N, M, a, /3, Tq) is a Hopf-bimodule, that we shall call the deformation of the initial 
one by Q. 

Proof. We have, thanks to the definition of a 2-cocycle, for any n & N : 

Tn{a{n)) = a{n) 1 

N 

ro(/3(n)) = l^®„/3(n) 

N 

which allows us to write : 

N N 

= {Tn p*a ^d){n){Tn p*a td)T{x){T^ id){ny 

N N N 

But we have : 

(rn id){n) = {n p®^ i)(r ly 

N N N N 

and, therefore : 

(In p*a id)T^{x) = {Q i)(r p*^ td){Q){r p*^ id)r{x){r p*^ id){Qy{Q p®^ ly 

N N N N N N 

and, by a similar calculation, we get : 

{idp*a Tn)Tn{x) = (1 p®a n){id p*^ T){n){id p*^ T)T{x){id p*^ r)(f])*(l p®^ fi)* 

N N N N N N 

which is equal, thanks to the definition of a 2-cocycle, and the coassociativity of F. □ 

7.3. Proposition. Let & be a measured quantum groupoid, and Q be a 2-cocycle for &; 
let W be the pseudo-multiplicative unitary associated to C5; let us write W = Wfl*, which 
is a unitary from H p®^ H onto H a®p H ; then : 

(i) the operator W satisfies : 

(1 W)^ p®a 1) = {W ^®p l)all{W ^®a 1)(1 p®a a.o)(l p®^ W) 

N" N N° ' N N N 

(with the notations of 2.2). 

(a) for all ^, ^' in D{Hp, u°), rj, rj' in D{aH, u), we have : 

(w^,^, p*^ id)^*{{id * u^,,')i(T,oW) c.®p i)w] = ,ia)iwn',r, * ^d){wy 

(Hi) the weakly closed linear space generated by the operators of the form (w^,,, * id){W), 
for all C, G D{Hp, v°) and rj G D{aH, v) is a non degenerate involutive algebra, therefore 
a von Neumann algebra on H , we shall denote A^; 

(iv) we have a{N) C A^, fi{N) C An, and A^ C /3(iV)', A^ C &{N)' . 

(v) a unitary v on H belongs to A'^ if and only if v G a{Ny (1 (5{N)' and : 

W{lp®^v) = v)W 

N NO 
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(vi) for any x G M , we have : 

V^{x) = W\\^®^^ x)W 

and the weakly closed linera space generated by the operators of the form {id*uj(^-^^(;2){W), 
for (i G D{aH, u) and (2 G D{Hp, u°) is equal to M . 

Proof. We have, using the definition of a 2-cocycle : 

]\fo N 7V° N° ^ ^ 

= (1 a^f, W){W 1){W* 1)(1 Q*)iW p®^ p®^ 1) 

= (1 w){w i)(r id){n*){n* p®^ i) 

NO N N N 

= (1 w){w p®^ i){id T){n*){i p®^ n*) 

NO N N N 

which is equal to : 

(1 W){W p®a 1)(1 p®a W*){1 p®a a^){n* ,®a l)(l p®a (Tuo){l p®a W){1 p®a 1^*) 

NO N N N N N N N 

and, using the pentagonal equation for W, is equal to : 

(W ^®^ 1)(1 [s®^ a,o){l p®^ Wn*) 

N" N ^ ^ 

which is (i). 

For C, ^' in if, we get that : 

p*a id)[W*[{id * Ur^,r,'){(T.oW) 1)]W^]CIC') 

N N° 

is equal to : 

{W*[{td * COrj,^>){a,oW) a®fs l)]W{^ p®a C)\^' p®a CO = 

[K,, * id){Wa,) l)]W{i p®^ 0\W{i' p®^ CO) = 

a® p a® p 

N° N° v° ^ v° ^ 

((1 c.®p W*){W a®p 1)K a®p 1)(1 a®p W){t] c.® p ^ ^®a OW a® p ^' ^®a C) 
N° N° N° N° v° f u° V 

which, using (i), is equal to : 

((iy/3®„l)(l/3®„iy*)(e/3®a(r/a®;3C)IVa®/3G®"C') = [ifi®^\r]^®~pQW\"^c.®~pOp®o.O 
N N ^ v° v° ^ ^ u° v° V 

Let {fi)i£i be an orthogonal i/°)basis of H; there exist 6i such that : 

67 



and, as in ([E3]3.11), we can prove that fi^i >i3,u°)Si = {^^,r]' * id){W)*^', and, 
therefore, we get that : 

(e (S®a W*{ri C)\W*{V' a®p O p®a CO = (e P®^ W*{ri C) I J] /i (3®a Si CO 

U yO i/° V V v° i ^ V 

= {w^'n c)IKv * ^d){wyi' cO 
-- (yv{i (w^,,^. * id) {yv)Q \^ CO 

U yO 

- (e p®a * id)(W)C\W*{r, CO) 



from which we get (ii). 
We have : 

{{uj^,^*td){W){uj^,^^.*id){W)C\C,') 



which is equal to : 

((1 (TyoW){i ^' C) \W*{7] CO V') 

N V V v° V 

= {{W 1)(1 (Tu''W){^ p®^ i' C)l(^ a®p CO i) 

]\} N V V yO N 

TV -/V Af V V V yo 

and, using (i), is equal to : 

((1 l)(e p®a i' C)I(W^(^ V') a®g CO 



AT 



Let now (ei)ig/ be an orthogonal (a, i/)-basis. As in ([E3], 3.4), we can prove that there 
exist a family (?7i)ig/ in D{aH, u), such that : 

and a family in D{Hp, z/°), such that : 

and we get that : 

{{uj^,,*id){W){uj^,,,.*id){W)C\C') = (^^(u;^,,,, *2f/)WC|C0 

i 

from which we get that {u^^rj*id)(W){u^'^rf' *id){W) is equal to the weak limit of the finite 
sums Ylli^^i,r|^ * id)(W). From which we get that the weakly closed linear set generated 
by the operators of the form (w^^ * id)(W) is an algebra Af^. 

Let us now use (ii); the weak regularity of the pseudo-multiplicative unitary W ([£■")], 3.8) 
means that a^N)' is the closed linear space generated by the operators {id* Urf^r^') {o-u°W) , 
for all 7], rj' in D{aH, v) ([E3], 4.1); in particular, there exists a family in the linear space 
generated by these operators which weakly converges to 1. Using then (ii), we get that, 
for any ^, ^' in D{Hp,v°), there exists a family in the linear space generated by the 

operators of the form (cu^^ ,*id){WY(,' ^ * ^'^)(^)' v' D{aH, u), which is weakly 



68 



converging to a{< >i3,u°)', therefore, we get by density that a{N) is included in Aq, 
and, therefore, that 1 belongs to Aq. 

So, there exists a family of operators of the form (with finite sums) J2ii^ii,v'i * id)(}V) 
which is weakly converging to 1. But it is straightforward, using the intertwining proper- 
ties of W and the definition of Q, that {ou^^ri' *id)(W)* commutes with /3{N), and we get 

that R^'''''{T.ii^i„vi*'^d){W)*^') = EiH.r,: *^^^)(^)*^^'''°(^') is converging to R^''"" i^'); 
finally, we get that Aq is the weakly closed linear set generated by all operators of the 
type (%^^, rid) * ^d){W), for all ^, ^' in D{Hp,u°) and r/, r/' in D{^H,iy); using 
again (ii) and the weak regularity of W, we get that Aq is closed under the involution, 
which finishes the proof of (iii). 
For any n & N, we have, using ([E5], 3.2) : 

(K,*zd)(l?^)/3(r2)Cl|C2) = WO®«/3WCl)l^a®;3C2) 

= WO®«Ci)|/3(n*)r7a®^C2) 

= (K,/3(n*)r,*^C?)(W^)Cl|C2) 

from which we get that (w^^^ * id){W)l3{n) = {uj^^i3(^n*)r] * 'id){W), which gives that (3{n) 
belongs to Aq. 

We had seen that P{n) commutes with (w^,,; * id){QW*)] using then ([EO], 3.11 (iii)), we 
get also that d(n) commutes with (w^ ,, * id){flW*), which finishes the proof of (iv). 
Then, using (iii), the proof of (v) is clear. 

It is clear that {id * w^i,C2)(^) belongs to M. Let us denote Mq the closed linear set 
generated by these operators. Using (i), we get, for ([ G D{aH,u) and (,2 G D^H^,^"), 
that : 

{id * uc^^^^){w){id * u^,,c2)iw) = [id * c^vi?*{c;.^,aCi),H^*{c^.®^c2)K^ z?®- 1) 

which belongs to Mq. By linearity and weak closure, we get that Mq is a left ideal of M. 
Moreover, the formula rQ(a;) = W*{la<S)fjx)W is clear by the definition of (7.2) and W. 

u° 

Using that, we get, for any (/3, z/°)-orthogonal basis (ej)jg/ of iJ, and any 77 G /^(oiJ, v\ 
by taking x = 1 : 

/3(< V,V>a,u) = {idp*a W^)rf7(l) = y2(^^*^V,e.)iWT{^d*Ur,,eJ{W) 

N i 

from which we get that /3(< 77,77 >a,u) belongs to Mq; by density, we get that f3{N) 
belongs to Mq, and therefore, that 1 G Mq, which finishes the proof. □ 

7.4. Theorem. Let & be a measured quantum groupoid, and Q be a 2-cocycle for (3; let 
W be the pseudo-multiplicative unitary associated to &, Aq the von Neumann algebra on 
H defined in 7.3; let us write W = WQ* , and, for any x G Aq, let us write : 

a{x) = W\xe.®pl){Wy 

N° 

Then : 

(i) for any ^ G D{Hi3, u°) and rj G D{aH, v) fl D^Hfi, iy°), we have : 

a[(w5,^ * id)(^)\ = (w^,^ * id * id)[{l (J,o){W 1)ctJ1(H? 1)] 

N° N° N° 
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(a) o) is an action of (3 on Aq. 
(Hi) this action is integrable and Galois. 

Proof. Using ([E5], 5.6), we get that is a corepresentation of 25 on qH^. Therefore, 
the formula, for y G a{N)' : 

N° 

leads to an action a) of <3 on a{Ny . Using ([KH], 3.12), we get, for any n G N that 
a(a(n)) = f (a(n)) = a{n) 1, and a(/3(n)) = f0{n)) = 1 /3(n). 



N N 



For any orthogonal z/°)-basis (ej)^^/ of iJ, we get 

N° 

^ N N" 

= Vf ((a;e.,, /3*a ^rf)(W^))[Ke, * ld){n*) 1] 
i AT N 

Applying 2.2.1 to l5, we get : 

f[{id*uj^^e,){aW*a)\ = {id ^*^td*uJr,,,J[al^Y'^W*a 1)(1 a^o){l aW*a)] 

from which we get that : 

f[(w^,e. * id){W*)] = * id irf)[(Vr* ^WaliW* 1)(1 a,)] 

N N" ' N" N" 

and, for any orthogonal (a, z/)-basis {fj)j£j of : 

f[Ke, * ^d){W*)] = $^K,e. * ^rf)(W^*) 1)K/, * zrf* zd)[aj^jiy* 1)(1 a,)] 

j ^ ' N N° 

and, therefore a((cj^,.;y * id){W)) is equal to : 

^[(w/^.,^*zrf*zrf)([(lQ(8)^ai.o(W^„®^l)aJJ])(we,j, *«rf)(l^) ^®al] 

jj Ar° Ar° ' Af ^ AT 

which is equal to : 

J^li^f.^v * ^d * zrf)([(l a AW a®0 l)crl%muu, * ^d){W) 1] 



N° N" N 



from which we get (i). 

For any 6i, 62 in D{H0, z/"), we get that : 

{UriJj *UJ5i,52 *'>'d)[ayjW* a(S)p a^S) ^ a^)] = {uJriJj * id)[{a{< 61,62 >p^^o p®al)W*] 

N N° ' N 

= K/, * td)iW*)ai< 61, 62 >^^,o) 
as I3{N) C Aq, any unitary u G A'^ commutes with P{N), and we have : 

< u6i,u62 >p^^o=< 61,62 >p^^o 
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from which we get that {ooyj^ *i(i*i(i)[(T?'^(Ty*Q,®^ commutes with y4[^^®Q,l, 

N N° N 

and, therefore, belongs to Aq '^{H), and, more precisely, to Aq M. 

Then, using 7.3, we easily get that CL{{uj^^ri * 'id)(W)) belongs to Aq M; using again 

N 

7.3, we get a{An) C Aq M, which gives (ii). 

N 

Using ([E5], 11.2), we know that the von Neumann algebra Aq ^*Q,£(^r) is isomorphic to 

^ TV 

the double crossed-product {A xia^) Xa and that this isomorphism sends the bidual 
action on the action a defined, for any X G Aq 0*a ^{H) by : 

N 



a{X) = (1 W*){id ^jv)(a id)iX){l W) 

N N N N 

Let us define 'J{X) = <;]\r(W*)X<;j^(W); then J is an isomorphism from Aq ^{H) onto 

AT 

Aq a*p ^{H), and the above calculations show that : 

(a id)a{X) = {id ?Ar)(a id){J{X)) 

N N N" 

from which we get that {id <^Ar)(cio*/3 id) is an integrable and Galois action of <5 on 

AT 7V° 

Aq a*i3 ^{H). As we have {Aq a*(s ^{H)) ^ = a*p ^{H), we easily get 

N° N° N° 

that T(^idg* a* 13 £'{H); as T(_id,*^iN)(ac,*i3id) is semi-finite, we get that T„ is 

JV iV° Af" N N° 

also semi-finite, and a is integrable; moreover, as {Aq ^{H)) X(id3*„f]v)(ac.*^id) <£• = 

N° N N° 

{id ^n)[{A Xa <S) ^{H)], we get that 7r(jrf^^<j^)(„^^^jd) = (7r„ a*/? ^a^)- As 

AT TV" jv JV° TV" TV 

^(jrffl*c«?iv)(aa*^id) is injective, we easily get that Ha is injective also, which is (iii). □ 



N 



N° 



7.5. Proposition. Let & be a measured quantum groupoid, a 2-cocycle for let W 
be the pseudo-multiplicative unitary associated to 0, Aq the von Neumann algebra on H 
defined in 7.3 and a) the action of (S on Aq defined in 2.4; let us write W = WQ* . 
Then, for ^ G D{Hp., v°) and t] G D{aH, u) such that u^^j^ belongs to in the sense of 
(^[E-3], which implies (|E3], 4.6) that {ou^^rj *id){W) belongs to '71^, we have : 

(i) let be the element of the positive extension of M' defined in ([E-i], 4-V; then, 
R^'^° {C)*'yf]R^'^° {C) belongs to the positive extension of N, and we have : 

T„[((a;^,, * zd){W)y{{u^,r, * ^d){W))] = a{Rf'-''\OV^'''\0) 



(ti) A-Q = a{N) 

(iii) let us write ipi = v oa ^ o Ta; then ipi is a normal semi- finite faithful weight on Aq, 
5-invariant with respect to a, bearing the density condition, and we have : 

* zd)(W^))*(K, * zrf) W)] = <I>[K^ * zd)(W^)*K, * id){W)\ 
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For all n & N and t G M, we have af^{a{n)) = a{cr^{n)) and af^0{n)) = /3(7_i(n)). 

(iv) there exists a unitary u from H onto H^^ such that : 

uk^ ( (w^,^ * id) ( VT) ) = A^,! ( (cjg,^ * id) (^) ) 
and we have, for all n E N : 

ua{n) = 7i^-^{a{n))u 
u(3{n) = 7i^^0{n))u 
u/3{n) = J^^-K^^{a{n*))J^^u 

ua{n) = J^^7i^^0{n*))J^^u 

(v) the normal faithful semi-finite weight v o on a{N) = bears the Galois density 
condition defined in 4-1 for the Galois action {(3, a) of (3 on Aq. 

(vi) the operator {u 1)W'^{u* 1) is the standard implementation V^^ of the action 

N N° 

(/3, a) associated to the weight ipi on Aq. 

(vii) for any x G A^^, we have vr^i(x) = uxu* . 

(via) if N is a finite sum of factors, then there exists a normal semi-finite faithful weight 
(f) on Aq, such that (Aq, /3, a, 0, z/) is a Galois system. 

Proof. Using the calculations made in 2.4, with an orthogonal (a, z/)-basis {fj)j^j of H, 
we get that a[((wg,^ * id){W))*{{uj^^.r^ * id){W))] is equal to : 

* ^d){Wy * id * id)[a^^l{W* 1)(1 a,o)]... 

...(o;/^,, * td * td){[ayjW* 1)(1 a,o)Y){{uJu, * ^d){W) 1) 

N N° N 

and, therefore, Tn[((cjg^^ * id)(W))*{{u^^r] * id){W))] is equal to : 

Y,i{^u,*^d){wr)... 

{id^*c.^)[{Ur,J^,*id*zd)[ayjW\®^l){la®^a^o)]{uf^^rj*^^^ 

N ' N N" ' N N° 

...{{uj^j^*td){W) 

N 

Let 6 be in D{H^, z/°), and let (5j)jg/ be an orthogonal i^°)-basis of H, we get that : 

{u:rp*a^)[{^rij^Md*id)[afj,W\®~pl){l^®~pa,o)]{uf^^^^^^ 

N ' N N° ' N N° 

is equal to : 

^(^'^./y * * 'd)[(^Tj^* ^-°)]- 

i ' N N° 

••.(w/,,r, * * ^d){[ayjW* 1)(1 a®p Or^o)]*) 

N N° 
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which, using the calculations made in 2.4, is equal to : 

i 

Therefore, if fj and fji are in Diji'iri)), we finally get that it is equal to : 

(a(< 5,5>^^^.)K^[{ujf^^,*id){Wm^[{ujf^,„*id){W)]) = {a{< 5,5 >^^^.y{r^y fy{ii)f*,) 

V V 

Let now 5'^ G D{H^, z/°) be an orthogonal basis of if; then : 

< T„[((a;5,^ * * %d)(yi))\),uj, > 

is equal to : 

As the family {fja ®p ^'k)(k,j) is an orthogonal basis of H a®pH , we can use the Plancherel 

N° v° 

formula, which gives that : 

<T„[(K,*zd)(W^))*(K,*zrf)(W^))]),a;5> = (1^(0®^ 5)11^(^0®^ <^)) 

V V 
V V 
V 

from which one gets (i). 

We have seen in 2.4 that a(A^) C A^; on the other side, if a; G QJlj^^, using 7.3, one 
gets that X is the upper limit of an increasing positive sum of elements of the form 
(a;5_^*Z(i)(iy))*((a;5^^*Z(i)(W^)); therefore, T^ix) is, by (i), the upper limit of an increasing 
sequence of elements in a(A^), and therefore, we get that Tjyx) G «(A^); as T^i^T^ is 
dense in A^, we get (ii). Thanks to (ii), one can define the lifted weight — V o ol ^oTIj, 
which is (5-invariant with respect to a by 3.2. Moreover, using (i), one gets that : 

* id)^)y[{uj^^^ * td){W))] = <I[K, * td){W)y{u^^, * ^d)iW))] 

which gives the first formula of (iii); the formula af^{a{n)) = a{a^{n)) is clear by def- 
inition of ipi, as ipi is 5-invariant, using ([£5], 8,8) and 2.4, we get that ap0{n)) = 
af{l3{n)) = /3(7_i(n)), which finishes the proof of (iii). 

Using (iii), we get the existence of an isometry u from H into -ff^^ such that : 

uA|,((w5,^ * id){W)) = A^,{H,v * ^d){W)) 

Let us write P for the projection on Imu; using 7.3, we get that tt^j (^a)-P = -Ptt^i {Aq)P, 
and, therefore, that P G ir^-^{Afi)' = J^^vr^^ (Aj^) J^^. Using Kaplansky's theorem, one 

can find a family cj„ in J$, such that ||(ci;„ * 2(i)(W^)|| < 1 and J^j7r^J(a;„ * id)(W)]J^-^ is 
weakly converging to 1 — P; then, we get that : 

vrv,J(w5,r, * id){W)]J^^A^^[{ujn * id){W)] = J^^n^,^[{ujn * id){W)]J^^A^^[{uj^^^ * id){W)] 
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is converging to 0, because J^iVr^J(ci;ri * id)(W)]J^-^ is weakly converging to 1 — P; using 
now the weak density of the hnear combinations of elements of the form vr^^ [{uj^,ri*id){W)] 

in n^-^^An), we get that A^J(a;„, * id){W)] is converging to 0; from which one gets that 
?/;i(J^j(l — P)J^-^) = and that P = 1, which proves that u is a unitary. 
Moreover, we have : 

ua{n)A^{{u^^^*id){W)) = uA^[{u^,^ * id){{l a{n))W)] 

N° 

= uA^[{u^^r,*id){W{a{ 

m 

N 

= uA^{{ua{n)(,n*id){W)) 

= A^^{{uJa{n)^,^ * id){W)) 

= A^^[{uj^^ri*id){W{a{n) /30al))] 

N 

= A^^[{uj^^r,*id){{la^^a{n))W)] 

N° 

= 7r^^{a{n))A^,^{{uj^^n*id){W)) 

Let us suppose now that n G is analytic with respect to u and let's use (ii); then, we 
have : 

uP{n)A^{{u^,n*id){W)) = uA^[{u^,r, * id){{l ^{n))W)] 

N° 

= uA^Ku^^r, * irf)((a«/2(n)) 1)W)] 

N° 
N" 

= uA^[{uj^^r!*id){{la^f,^{n))W)] 

N° 

= TT^^0{n))uA^{{u^^rj*id)iW)) 

and : 

u(3{n)A^{{uj^^r,*id){W)) = uJ^a{n*)J^A^{{ui:,n*id){W)) 

= uA^[{u^,n * id){W){l p®^ Ci{(J--i/2in))] 

N 

= uA^[{uJi:,r,*id){W){^{n) 

N 

= uA^[ui3(n)i^r,*id)(W)] 

= A^^[u,3^n)^^^*id)iW)] 

= A^^[{u^^r,*id){W){P{n) p^^l)] 

N 

= A^J(w5,^ * id){W){l i3®a a{a_i/2{n))] 

N 

= J^^a{n*)J^^A^,^{{u^^ri*id){W)) 
= J^^a{n*)J^^uA^{{u^^r,*id){W)) 
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If now we suppose that n is analytic with respect to 7, and use again (ii), we shall get : 

ua{n)K^{{u^^^*id){W)) = uJ^/3{n*)J^A^{{uj^^,, * id){W)) 

N 

N 

= MA|,[(W;3(^i/2{n))*5,r, * id){W))] 

= ^^Ai^P{yimn)ri,r,*id){W))] 

= Av,JH,r, * id){{l3{-fi/2{n) 1)W))] 

N 

N 

= J^^^{n*)J^^A^,A{uj^^rj*id){W)] 
= J^J{n*)J^^uA^{{u^,n * id){W)) 

which, by continuity, finishes the proof of (iv). 

The weight u o satisfies the density condition if the subspace : 

is dense in H^-^. Using now (iv), we get that this subspace is the image by u of D{Hj^, i^°)n 
D{ciH,i/) which is dense in Hq, by ([El], 2.3), from which we get (v), using (iv) again. 
In ([E5], 8.2), one gets that W° = is the standard implementation of the action (/3, F) 
of & on M, associated to the 5-invaraint weight $. So, is the standard implementation 
of the action (/3, F) on M , associated to the (5-invariant weight $. Which means that, for 
any orthogonal (a, i/)-basis of H, any ( in D{aH, u) fl D(5^/^) such that 5^/^ belongs to 
D{H^, i/°), any x in OTj, we have : 

u° i N V 

and, therefore, in particular : 

u° i N V 

= ^A5(W5,^ * ic/* W^,eJ[(l a®^ Cr^o){W a(S)0 l)o-J,^(W' ^(S)a 1)] Ci 
i N° N° N° u 

Using now (iv), we then get that {u l)W^'^(^$(i^c,r/ * id){W)) ^'^^'^C) is equal to : 

TV y° 
i N° N° N° V 

which, thanks to 2.4(i), is equal to : 
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and, therefore, we have, where we denote the standard implementation of a) 
associated to the weight ipi : 



N N° u° 

i N V 

= V^,{A^,{uj^,^ * td){W)) 6'/\) 

from which we get (vi), by density. 

Let ^' G D{Hj3, u"), rj' G D{aH, z/), we get, with an orthogonal (/3, i/'')-basis (ej)jg/ of H, 
that : 

i N 

i N 

* N 

I 

= YH[i^e,,r,' * id){W){u(^^^,^^^^^^id)iQ*)^,^ * id){W)] 

' N 

I 

Let now {fj)jeJ be an orthogonal (a, z/)-basis of H; we know that there exists ^ij, rjj in 
if such that : 



i 

and then, we get that 
which implies that : 

V 

and, finally : 

{uj^.^,,*id){W)K^[{u^,,*id){W)] = Y,H[i^^',,v,*^d){W)] 

3 
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where W{^' i3<S)a = J2j fj a^/s ^j- But, using again the calculation already made in 
7.3 (iii), we get that : 

j 

= A^^ * id) iW) {uj£_^r, * id) iW)] 

= 7r^j((wg/,^/ * id){W))A^^[{uj^,ri * id){W)] 

= 7r^i(K','?' * id){W))uA^[{uj^.^ * zd){W) 

from which, by density, we get (vii). 

Moreover, (viii) is a direct application of 4.7 to (ii). Which finishes the proof. □ 

7.6. Theorem. Let (3 be a measured quantum groupoid, Q a 2-cocycle for (3; let W be 
the pseudo-multiplicative unitary associated to Aq the von Neumann algebra on H 
defined in 7.3 and a) the Galois action of & on Aq defined in 2.4 whose invariant 
subalgebra Aq is equal to a{N) (7.5(ii)); let us write W = WQ* ; moreover, the weight 
V oa~^ on a{N) bears the Galois density property defined in 4-1, by 7.5(vi). Let us write 
ipi = V o o Tq. Let u be the unitary from H onto H^^ introduced in 7.5(iv). 
The canonical representation r of Af^ on H^^ is the restriction of ir^^ to a{N); using 
7.5(iv), we get that the canonical antirepresentation s of a{N) (identified to N for sim- 
plification) on H^^ is s{n) = uP{n)u* (n G N); for simplification again, we shall write a 
for TT^j o a and /3 for n^^ o /3. Then the Galois unitary G is a unitary from H^^ s<S)a H^-^ 

onto H H^^; then, we have : 

(1 u*)G{up®^ u) = W 

NO N 

Proof. Let { G D{^H, u), r] e D{H^, v°)- let f e D{Hp, v°) and i G D{o,H, v) such that 
oj^i^ri' belongs to /$ (in the sense of [E3] 4.1), which implies that {u^i^n' * id){W) belongs 
to Dig, and, using 7.5(iii), that (w^',,,' * id){W) belongs to We have, then, using 

7.5(iv), and 4.2(i) : 

{id*uJi.^riOTx^,^){G)uA^[{uj^>^ri' * id){W)] = (zd* w^,^ o 7r^J(G')A^J(w5/,^/ *id){W)] 

= A$[(w5,r, id)a{{uj^>^rj' * id){W))] 

N 

Using now 2.4(i), we get that 

N N° N° N" 

Let now (^j)ig/ be an orthogonal (a, z/)-basis of H; we get then that this last expression 
is equal to : 

^{uiri^n' * tJ^.e, * * id){Wi^^Wi^3ni 2) 

i 

where we use the leg numbering notation, for simplification. But we get then that it is 
equal to : 

j JV N" N° N° 
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which is : 



N 



For any i E I, the operator {u^^^r, 0*aid)T{u(idp*^uii. i..){n*)^',n' *id){W) belongs to D^j, and, 
by [E3], 3.10 (ii) apphed to 0, then, [E3]4.6 and 4.1, we get that : 

N ^ 

= (W^^,^ * id){W*){ld[S*aUJU,)i^*)Hi^i;',ri' * ^d){W)) 

N 

= {id * uj^^^n){W){id a;5,5J(fi*)A$K'Y * id){W) 

N 

whose sum is weakly converging to (id * a;^ ,j)(H^)Aj[(aj^/^^/ * id){W)]. As the application 
Aj is closed, we get that : 

H[i^i,r, id)a{{uj^>^r,' * id){W))] = {id * uj^^ri){W)A${u;^>^n' * id){W) 

N 

from which we deduce that : 

{id * u^^ri o 7r^i)(G) = {id * u^^ri){W) 
which gives the result, thanks to 7.5(viii). □ 

7.7. Corollaries. Let & be a measured quantum groupoid, Q a 2-cocycle for (5; let W 
be the pseudo-multiplicative unitary associated to 0, Aq the von Neumann algebra on H 
defined in 7.3 and a) the Galois action of & on Aq defined in 2.4 whose invariant 
subalgebra Af^ is equal to a{N) (7.5(ii)); let us write W = WQ* ; moreover, the weight 
voa~^ on a{N) bears the Galois density property defined in 4-1, by 7.5(vi). Let us write 
ipi = u o o Tq. Let u be the unitary from H onto H^^ introduced in 7. 5 (Hi). 
The canonical representation r of A'^ on if^j is the restriction of n^^ to a{N); using 
7.5(iv), we get that the canonical antirepresentation s of a{N) (identified to N for sim- 
plification) on H^^ is s{n) = u(3{n)u* (n G N); let pt be the one-parameter group of 
automorphisms of s{Ny and lO^ its standard implementation defined in 4-4i for simpli- 
fication again, we shall write a for vr^^ o a and (3 for vr^^ o (3. Then : 
(i) for any x G Aq, we have : 

a{x) = a,yoWa^o{l x)a,yW*a,y 

N 



(a) for any y G M' , we have 7ia{l v) = uyu* 



(Hi) for all t G M, we have : 



N 



K'' = {u u)n{Jd''j 6'')n*{u* u* 

N N N 



(iv) for all t G M, we have P^^ = A^^nJ5** Jn*. 

(v) we have, for alltEM. : 

W{u*P'^^u uP'i^u*) = (P^* uP%y)W 

(vi) for any ^ G D{Hp, v°) and rj G D{aH, u), we have : 

n'^"[i^i,v * id){W)] = {uj^*pu ^^p-u.^ * id){W) = {u^,^u ^^^^-u * id){W) 
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(vii) for any x G DT^^ fl 01^^, y, z in ^Tlj fl DTj,, we have : 

^wzz; /or any Ci, C2 z/) n and i e 2)(Aj,f ), r/ G D(A^^/^), we /ia?;e ; 

(^zxj /or any d, (2 in D{aH, v) fl D{Hj^, v"), the operator A^'^{id * a;^2^^J(iy)n*A,j^y^M is 
bounded, and we have : 



(x) for any ^ G D{Hp, v°) n ©(mAJ,^ m*), and G D{aH, v) n 2)(A~^/^), we have : 
(^xzj for all t G M, we /iave ; 

N 7V° 

(xii) for all t G M, we have : 

(^xmj if N is a finite sum of factors, there exists a normal semi-finite faithful operator 
weight Tq from M to a{N), (resp. from M to (3{N)) such that 

&n = {N, M,a,(3,Tn,Tn,Tl„u) 

is a measured quantum groupoid. 

Proof. Result (i) is just the application of 7.6 to 3.8 (iv). 

Let us apply 3.8(v) to the action (/3, a) of 65 on Aq. We get that : 

7ra(l y) s®a 1 = G* 1)G 

N ^ N° 

= {up^^l)W*{y^^^l)W{u*p®^l) 

N ]\fo N 

= UyU* s^a 1 
N 

from which we get (ii). 

Applying now 7.6 to 4.4, and successively [E^>] 3.11(iii) and [EO] 3.8 (vi) applied to & , 
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one gets : 



N° 

= {U ,30a u)nW*{J6''j a®^ l)Wn*{u* U*) 

N ]\fo N 

= {U p®a U)n{j J)W{J J){J5^J 1){J p®a J)W*{J p®^ 3)^1* {u* p®^ U*) 

N ]Sfo i^o No N N N 

N NO N N N 

= {U p®a U)Q{J J){5'* 6'^){J J)Q*{U* p®a u*) 

N N° N° N ^ 

= {U I3®a u)n{J5^J p®a 6"^)^* {u* p®a U*) 
N N N 

which is (iii). 

Applying (ii) to 4.8 (ii), one gets (iv). Applying again (i) to 4.8 (vi), one gets (v). Then, 
the first equality of (vi) is a direct corollary of (v), and the second equality is a corollary 
of (iv) and [E()]3.10(vii). Result (vii) is a direct corollary of 4.2(iii) applied to 7.6. Then 
(ix) is an easy corollary from (viii), and (x) from (ix). Result (xi) is given by 3.8 (vii) and 
([E6] 3.11(ii)), applied to 7.6, and (xii) is a direct corollary of (xi). 

If iV is a finite sum of factors, we can apply 2.4(iv) and, therefore, we obtain, by 5.11, a 
measured quantum groupoid ^i(a), whose underlying Hopf-bimodule had been defined 
in 5. 4 (iii). Using now (ii), we get that the von Neumann algebra is (up to u) equal to 
M; using 7.5(ii), we get that the basis is (up to a) equal to A^, and, by 7.5(iv), that the 
imbedding of A^ into M are a and /3. Using now 7.6, we get that the coproduct is F^, as 
defined in 7.2, which finishes the proof. □ 

7.8. Proposition. Let & be a measured quantum groupoid, Q a 2-cocycle for <3; let 
W be the pseudo-multiplicative unitary associated to Aq the von Neumann algebra 
on H defined in 7.3 and (/3, a) the action of C5 on defined in 2.4 whose invariant 
subalgebra is equal to a{N) (7.5(ii)); let us write W = WQ* ; moreover, the weight 
V o on a{N) bears the Galois density property defined in 4-1, by 7.5(v). Let us write 
ipi = uo oTq. Let u be the unitary from H onto H^^ introduced in 7.5(iv), and let us 
write, for all i e M.' 

For all t G M, let us consider the 2-cocycle VLt introduced in 7. 1, the algebra associated, 
the action (/3, Oj) o/0 on A^^, whose invariant is also equal to a{N). Let us denote ipi^t 
the weight v o o T^^, and Ut the canonical unitary from H to H^,^ ^, which, by 7. 5 (vii) 

applied to Qt, implements vr^if Let us write Wt = WQ^. Then : 

(i) is a unitary in Mna(A^)'n/3(A^)'; moreover, the application t ^ is a Tt-cocycle. 

(ii) we have : 

N N 



N 



(Hi) the application : x t— )■ vf'x{v^)* is an isomorphism from Aq,^ to Aq, and we have, 
for all ^ e D{Hp, v°) and r] G D{aH, u) : 



(iv) moreover, we have ipi oj^ = ipi^t; then uv^ul is the standard implementation ofjf 

(v) we have ff' = Tt{v^). 

(vi) if, for all t G M, we have VL = Q,t, then there exists a positive non singular operator 
kfi affiliated to M, such that Ttik^) = kfi and up = fc^. 

Proof. By definition of V'l, we get tliat, for all t G M and n E N, we have af^{a{n)) = 
a{a^{n)) = af (a(n)); therefore, we get that G a^N)'. 

We have, using first [E5]3.10 (iv) and 3.8(i), then 7.5(vii), [E5]3.8(ii) and 3.10(vii) : 

= M* A^\ uu* J^, uXna {n*)X^u* J^, uu* A^i% 
= u*J^,un*A^*^a(ra*)n*A^**nn*J^,n 

= X^,Ja«(n*))JX* 
= X^/3(ar(n))X* 

= 

= A|/3(n)A^^* 

from which we get that G f3{Ny. 
Using 7.5(vi), and [E')]8.8(ii), we get that : 

N° N 

and, as we have also, applying [E5]8.8(ii) to the weight $ : 

M/"(A| r**p-**) = (A| 6-''p-'')W' 

N° N° 

we get that : 

N° N° 

from which one gets that belongs to M, using [E5]3.10(ii) applied to (S'^. 
We have, for s, t in M : 

= u*Af^%A-J'^'^'^ = uA- nAj-AluA^^Aj^^Aj- = v%{v?) 

which finishes the proof of (i). 

Using now 7.7(iii) and [E')]3.10(vii), we get that u*P^^u = v^P^*; therefore, 7.7(iv) can 
be written : 

W{vf vf ){P'' P'*) = (P^* vfP'')W 

N N ATo 

or, using [E5]3.8(vii) : 

W{vf p<^^ vf) = (1 vf)W{rt p*^ Tt){Q*) 

N NO N 

from which we get the first formula of (ii). The second formula of (ii) is just a straight- 
forward corollary of the first formula. We then get that : 

* id){W) = vf{u^,, * ^d)miv^)* 
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from which we get (iii). Using now the definitions of o and a*, we get that {Jt id)at 



a o Jt, = T„ o and ipi^t = o 

If we suppose now that u^^ri belongs to we get : 

= uv^A^[iu^,,*td)iW)] 
= uv^u;A^,^,[{u^,,*id){Wt)] 

which finishes the proof of (iv) . 

Using (iv), we get MUpM*A^^ ^ = Alp^uv^u^ , from which we infer : 



/3' 
AT 



from which we get (v). 

Using (v), we get that, if f2 = is invariant under r^, and is a one parameter group 

of unitaries, which, with (vi), finishes the proof. □ 

7.9. Theorem. Let & be a measured quantum groupoid, Q a 2-cocycle for C5; let W be the 
pseudo-multiplicative unitary associated to (3, Aq the von Neumann algebra on H defined 
in 7.3 and a) the action of & on Aq defined in 2.4 whose invariant subalgebra A'^ is 
equal to a{N) (7.5(ii)); let us write W = WQ* ; moreover, the weight v o on a(A^) 
hears the Galois density property defined in 4-1, by 7.5(vi). Let us write tpi = uoa~^ oT^. 
Let u be the unitary from H onto H^^ introduced in 7. 5 (iii). 
Then, are equivalent : 

(i) there exists a normal semi- finite faithful weight (p on Aq such that (Aq, /3, a, </>, u) is a 
Galois system. 

(a) there exists a one-parameter group of unitaries 5^ on H , such that it is possible to 
define a one parameter group of unitaries uJ^^u*5''^uJ.^^u* j3®a^n, with natural values on 

N 

elementary tensors, and such that : 

N N 

(Hi) there exists a t^s<^-°s^ -cocycle t ^ in M (1 [5{Ny , such that : 

N N 

and is linked with the Tg-cocycle introduced in 7.8 by the formula, for all s, t inW 



In that situation, u*Squ is the modulus of the action a), and we have 5q = wfj**. 
Moreover, there exists then a normal semi-finite faithful operator weight Tq from M to 
a{N), (resp. Tq from M to /3{N)) such that 

(5n = {N,M,a,^,Tn,Tn,T^,u) 

is a measured quantum groupoid. 

Moreover, if N is a finite sum of factors, then any 2-cocycle satisfies these equivalent 
conditions. 

Proof. The equivalence between (i) and (ii) is just an application of 4.10, thanks to 
7.7(iii). We then get that u*6qu is the modulus of the action o) of & on Aq, and, 
using 7.5(vii), we get that 6n is affiliated to A^, and that, there exists a one-parameter 
group of unitaries 5q 5** such that, for all t G M, we have a((5^) = 5^ j^®a f^**- Let 

N N 

US write = Using 7.3(iv), we get that Ut G /3(A^)'; moreover, using 2.4, and 

[E5]3.12(v) and 3.8(vi) applied to &, we gat that Wiuf = uf 1, which 

N° N 

gives that uf belongs to M, thanks to [E5]3.10(ii) applied to <5'^. As, for any x G M, and 
t G M, we have, using [E5]3.11(ii), = r_t(T*j^(x), we get that t is indeed a 

T-sO"*°^-cocycle. 

Using now 7.7(i), we get that 5** q,®^ 6^ = W{6^^ is^a l)W*. And, therefore : 

NO N 

N i\f° 
N N" 
N N 

= W{uf p®e. l)(r-ta?f id){n)W* 

N N 



and, therefore 



N° N N 

which gives the first formula of (iii). 

Moreover, using 4.9(in), we get that ap{6'^) = A^"*(5^*. Using 7.8, and [E5]3.8(vi) applied 
to (S, we have : 

from which we get = v^Ts{u^)6^'^{v^)* , which gives the the second formula of (iii). 
Conversely, if we have (iii), we can define a one parameter group of unitaries 5^ by writing 
= u^5^^. Now, from the first formula of (iii), taking the same calculation upside down, 

83 



we get that 5** ^q, = W{5q which gives, by 7.3(iii), that 5^, is affihated to 



Aq; so we had obtained that o(5q) = 5^ ^®q, 5**. 



From the second formula of (iii), using again the same calculation upside down, we get 
that at\5fi) = A^^*5^*, which proves that A is affiliated to Aq; by the definition of 6q, we 
see that the operators 6q and A strongly commute. Therefore, by [VI], 5.1, there exists 
a normal semi-finite faithful weig ht on An such that (D0 : = X'^'^'^S'^. 

1 /2 

Using now 7.5(iv) and [E0]8.1, we get, for all x G OT^ such that x6^ is bounded (its 

1 /2 1/2 

closure, denoted xS^ belongs then to OT^,;^, and we identify A^{x) with A^-^{x6^ )), for 
all 7] in D{H^, u°) n V{5^^''^), such that belongs to v) : 



N° N° 

N " 
N 

which, by continuity, remains true for all rj G D{aH, u)r\D{H^, v°) and all x G 9T</,, which 
proves that is invariant by a. But now, we are in the situation of 4.9, which gives that 
A is affiliated to the center of Aq,\ we then have (i). 

□ 

7.10. Corollaries. Let & be a measured quantum groupoid, Q a 2-cocycle for (5; let W 
be the pseudo-multiplicative unitary associated to <3; then, are equivalent : 

(i) fl satisfies the equivalent conditions of 7.9. 

(a) for all t G M, fij (resp. Q[) satisfies the equivalent conditions of 7.9. 

(iii) there exists t G M such that Qt (resp. Q[) satisfies the equivalent conditions of 7.9. 

Proof. We can easily check that we can write Ts{u^) = uf% and S^'^ufS"'^^ = uf% then 
7.9 gives the result. □ 

7.11. Theorem. Let be a measured quantum groupoid, and Q a 2-cocycle for &; let 
us suppose that, for any t ^M., we have {rtcy'^t i3*a '^t<^f°^)i^) = ^- Then, the cocycle Q 

N 

satisfies the equivalent conditions of 7.9. In particular, there exists a normal semi-finite 
faithful operator weight Tq from M to a{N), (resp. T^i from M to /3{N)) such that 

&n = {N,M,a,/3,Tn,Tn,T[,,u) 

is a measured quantum groupoid. Moreover, we get, for all t G M, that r_ta"*j'^(f^) = v 
and (r_tO-5°^ fs*a ^d){n) = n. 

N 

Proof. Using 7.7(ni), we get that 

N N 

from which, using 7.5(vn), we get that 5** belongs to An, and, by 4.4(v), that a{6^ 
5** 5**. Using now [E5] 8.8(iii), one gets that, for any s, t in M, we have : 



n 



N 



N 
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from which one gets that ap{S'^)S-'^ belongs to = a{N) by 7.5. 
More precisely, if n G A^, we get that : 

and, therefore, we get that (T^^((5'*)(5~** belongs to a{Z{N)). 

But, on the other hand, using 7.8, we get that af^ = t^^crf = 

^Q.^ist^it(^^ay^-it ^ yist^n^it(^^Q.y^-it^ iiom which, using [E5]8.11 (ii), we get : 

and, for all s, t in M, T-ta^°^^{y^){y^)* belongs to a{Z{N)). Therefore, there exists a 
one-parameter group of unitaries t t-?- yU** in Z{N) such that T-ta^l^{y^) = ; 
and, therefore, cr^^(5**) = A*'^*a(/i7**)5**. So, there exists a positive non singular operator 
/i affiliated to Z{N) such that af^{6'^) = A^"*a(/i-*^*)(5^* and Ttaf°^{v^) = a{fi''^)v^. But 
now, as, for all n G M, we have ru(T*°-^(a(/i*'^*)) = a(7u(/i***)), we get that 7«(yu) = /i, 
and, therefore, that 6 and Xa{fi) strongly commute. Therefore, by [VI], 5.1, there exists 
a normal semi-finite faithful weig ht ^ on An such that {Dcp : Dipi)t = {Xa{fi)y^''/^6'\ 
Using now 7.5(iv) and [E5]8.1, as in 7.9 that is invariant by a. But now, we are in 
the situation of 4.9, which gives that /i = 1, and proves that we are in the situation of 
7.9, with, moreover, = 1; we then infer from 7.9 that r_fO"*^^(t;^) = Vs{^l) and that 

N 

7.12. Theorem. Let (3 be a measured quantum groupoid, and Qa 2-cocycle for &; let 
us suppose that, for any t G M, we have (r_tcr*^^ ^*q, id){Vi) = Q. Then, the cocycle Q 

N 

satisfies the equivalent conditions of 7.9. In particular, there exists a normal semi-finite 
faithful operator weight Tq from M to a{N), (resp. T/j from M to P{N)) such that 

&n = {N, M,a,(3,Tn,Tn,Tl„u) 

is a measured quantum groupoid. Moreover, we get, for all t G M, that T-t<^^t^{v^) = 
and {na%^*artat''){n) = n. 

N 

Proof. The proof is similar to 7.11. □ 

8. Examples, at least 

In this last chapter, we construct a general situation in which the deformations of a 
measured quantum groupoid by some 2-cocycles are still measured quantum groupoids. 

8.1. Measured quantum groupoids associated to a matched pair of groupoids. 

In [Val6] was decribed a procedure for constructing measured quantum groupoids : 
Let S be a locally compact groupoid, with S*-"-* as set of units, and r : S i— )■ (resp. 
s : S ^ 3*-°'') as range (resp. source) application, equipped with a Haar system (A")„gg(o) 
and a quasi- invariant measure u on S*-"-*- Let us write /x = /g(o) X'^du{u). 
Let Si, S2 two closed subgroupoids of S, (with ri = r|gj, etc) equipped with their Haar 
systems (A^)„gg(o), (A^) 

Then (Si, S2) is called a matched pair of groupoids if : 

(i) Si n S2 = S(°) 

(n) the set S1S2 = {gi92,gi G Si,5'2 G 82''^'^} is /x-conegligeable in S- 
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(iii) there exists a measure v on S^'^-' with is quasi- invariant for the three Haar systems. 
Then, Valhn has constructed an action (s2, a) of 0(Si) on L°°(S2,At2), and put a mea- 
sured quantum groupoid structure on the crossed product L°°(S2,Ai2) Xo ©(9i)- 
Let us denote ©(Si, Ss) = (i:°°(S^°\ v), L°°{92, /^s) &iSi),m, s, T, Tl, Tr, v) this mea- 
sured quantum groupoid. 

Moreover, there exists a right action (ri, a) of C'(S2) on L°°(9i,/ii), which leads to a 
measured quantum groupoid structure on L°°(Si,/ii) Xa ^(32), we shall write C5(S27 Si); 
we have ©(Ss, Si) = ^T^i) 

This measured quantum groupoid (S(Si, S2) bears some properties : 

(i) the scaling operator A is equal to 1. 

(ii) for any / G -^^°°(S25 /^2)5 is invariant under af ([Val6], 4.3.5). 

(iii) for any / G L°°(S2,yU2), we have i?(a(/)) = a(/), where R is the co-inverse of 
®(Si, S2), and /(^(s) = f{g2^), for any 5(2 G 32- Therefore, using (i), we get that o(/) is 
also invariant under crf°^- 

(iv) using [ValG]4.1.1 and [E5]3.8(ii), one can easily check that, for all t G M, and 
/ G L°°(S2,yU2), we have rt(o(/)) = a(/). Namely we have, using (ii) : 

(a a)rg,(/) = r(a(/)) 

= r(af(a(/))) 

= (n «^f)r(a(/)) 

L°°(g(o),!/) 

= (rtoa afoa)rg2(/) 

L°°(g(o),!/) 

= (no a a)rg2(/) 

L°°(g(o),!/) 

from which we get the result. 
We refer to [Val6] for all details. 

8.2. Theorem. Let C5(9i, S2) be the measured quantum groupoid constructed from a 
matched pair (Si, S2) of groupoids. Let us use all notations of 8.1. Let Q be a 2-cocycle 
for ©(32); OS defined in 7.1. Then : 

(i) (a S2*r2 ci)(fi) is a 2-cocycle for 0(Si, S2); we shall write VL^ for simplification. 

(ii) There exists a left-invariant operator-valued weight T^^ and a right-invariant operator- 
valued weight T/j such that : 

25(31, 32)f7„ = (i:°°(3(°\ z/), L°°(32, /i2) Xa C5(3i), m, s, rn„, Tn, T/,, z/) 
a measured quantum groupoid. 

Proof. Using [Val6] 4.1.1, one gets (i). As, for all t G M, Tfcr*^ o a = a, and Ttaf°^ o a = a, 
we get that this cocycle VL^ satisfies the conditions of 7.11 or 7.12. So, we get (ii). □ 

8.3. Matched pair of groups acting on a space. As a particular case of 8.1, we can 
study, following ([Val6]5.1) the case where G is a locally compact group acting (on the 
right) on a locally compact space X, and Gi, G2 a matched pair of closed subgroups of 
G, in the sense of [BSV]. Then, we can define almost everywhere Borel functions from 
G to Gi and P2 from G to G2, such that : 

g = P?{g)P2i9) 
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Following [VV], we can construct an action ai of Gi on L°°{G2), and put on the crossed 
product L°°{G2) Xai a structure of a locally compact quantum group we shall denote 
by G(Gi,G2); Let us denote V the coproduct of this locally compact quantum group. 
Let us denote now S (resp. Si, resp. S2) the locally compact groupoid given by the action 
of G (resp. Gi, resp. G2) on X. Then, it is easy to get that Si and S2 are two closed 
subgroupoids of S, which are a matched pair of groupoids as defined in 8.1. So, there is an 
action a of the measured quantum groupoid C5(Si) on L°°{^2)i and a measured quantum 
groupoid structure C5(Si, S2) on the crossed product L°°(S2) xia 'S(Si). The action a can 
be identified with an action a of Gi on L°^{X x G2) ([Val6], 5.1.2) and the crossed product 
L°°{'52) Xa ®(Si) can be identified with the crossed-product L°°{X x G2) Xj Gi, which 
will be considered as bounded operators on L'^{X x G x G) ([Val6], 5.1.1). 
We can identify L\X x G2) s,^r^ L°°{X x Gi) with L^X x G2) ^^^(G'l) ([Valli], 5.1.1); 

L°°{X) 

using these identifications, are given in ([Val6] 5.1.2) the formulae of the coproduct T we 
can put on this crossed-product. For any / G L°°{X x G2), h G L°°(X), k G L°°(Gi), we 
have : 

VW)){x,g,g') = f{x.p^ig),p^{g)p^ig')) 

r(l s,®r^ P{h ® k)) = M{h){l ® f (1 ® pi{k))) 

L°°(X) 

where M{h) is the function M{h){x, g, g') = h{x.gp2{g'))- 

Let's see now how this coproduct can be deformed by a 2-cocycle Q2 for C5(S2) to a 
new coproduct Tq. For simplification, we shall restrict to a 2-cocycle fl2 for G2, which 
can be easily considered as a 2-cocycle for 0(S2)- Using then [VV], we can put on the 
crossed-product L°°{G2) Gi another structure of locally compact quantum group we 
shall denote by G{Gi,G2)n2, with a deformed coproduct we shall denote Tq^. 
By construction, we have : 

TnMmx,g,g') = T{a{mx,g,g') = fix.p?ig),p^ig)p^ig')) 

and : 

Lf^^ll s,^r, p{h ® k)) = M{h){l ® fn,{l ® Pi{k))) 

L°°{X) 

8.4. Looking back to Kac-Paljutkin's examples. Following ([VV], 5.1.1), let's look 
at the particular case of 8.3 where G2 is a normal subgroup of G; then Gi acts on G2 by 
(inner in G) automorphisms, the action of G2 on Gi is trivial, the application p^ is an 
homomorphism and G is the semi-direct product G2 x Gi. Then we well know that the 
old Kac-Paljutkin's examples can be obtained as locally compact quantum groups of the 
form G(Gi, G2)q.2- 

(i) taking Gi = Z/2Z acting on G2 = (Z/2Z)^ by permutations, the cocycle Vt had been 
computed in ([BS], 8.26.1), in order to get that G(Gi,G2)n2 is then the dimension 8 
example constructed in [KPl]. Taking now an action of the semi-direct product G = 
G2 X Gi on a locally compact space X, we obtain, by 8.3 applied to this particular case, 
a measured quantum groupoid given by dimension 8 Kac-Paljutkin's example and a right 
action of (Z/2Z)^ x Z/2Z on a space X. 

(ii) taking Gi = M acting on G2 = by ag{x) = exp{gK){x) (x G M^, K is a real 2x2 
matrix). Then the cocycle had been computed in ([VV],8.26.2) and leads to the infinite 
dimension Kac-Paljutkin's example ([KP2]). So, starting from this example, and some 
right action of the Heisenberg group i?3(M) = x^ M on X, we get, by 8.3, another 
example of a measured quantum groupoid. 
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